The Fast-Growing Hierarchy in
Terms of Bird’s Array Notations

Let u be a large countable ordinal such that a fundamental sequence (a strictly increasing sequence
of ordinals whose supremum is a limit ordinal) is assigned to every limit ordinal less than y. A
fast-growing hierarchy of functions f,, for a < y, is then defined as follows:

fo(n) = n+1,

far1(n) = fo"(n),

fa(n) = fyny(n)  (if a is a limit ordinal).
Here f,"(n) = fo(fo(...(f4(n))...)) denotes the nth iterate of f, applied to n, and a[n] denotes the nth
element of the fundamental sequence assigned to the limit ordinal a. The ordinal a[n] tends to a, as n
tends to w (supremum of the finite numbers). f,(1) = 2 for all a < p. The function f4(n) is equivalent to
hyra(n) in the Hardy hierarchy of functions.

Some examples of fundamental sequences are shown below. For limit ordinals A, written in Cantor
normal form:

If A=w, then A[n]=n;

if A=w’oy+whay+...+wrag for a2 a2 ... = q,

then A[n] = w"a; + w™a, + ... + wrak.1 + (W ay)[n];

if A=w"Na+l), then A[n] = (w™a)n;

if A=w"a for alimit ordinal a, then A[n] = w(a[n]);

if A=¢gp, then A[0]=0 and A[n+1] = w”A[n], which is the same as A[n+1] = w™n;

if A=@(a+1, 0), then A[0]=0 and A[n+1] = @(a, A[n]);

if A=o@(a+1, B+1), then A[0] = o@(a+1, )+ 1 and A[n+1] = ¢(a, A[n]);

if A=o(a, B) for alimit ordinal B < A, then A[n] = @(a, B[n]);

if A=q(a, 0) for alimit ordinal a < A, then A[n] = ¢@(a[n], 0);

if A=o(a, B+1) for a limit ordinal a, then A[n] = @(a[n], ¢(a, B) + 1);

if A=To, then A[0O] =0 and A[n+1] = @(A[n], 0).
The ¢ function (Veblen function) shown is the binary (2-argument) version. The extended ¢ function
(with any finite number of arguments) can have a string of one or more 0’s (or no arguments) in
between the two arguments of the binary ¢ function shown in each of the A formulae, and an arbitrary
string of ordinal variables a4, a, ..., ax prior to the first of the two arguments of the binary ¢ function —
these values remain unchanged in the A[n] formulae.

The two-argument ordinal collapsing 6 function used in the Beyond Bird’s Nested Arrays documents
relates to the extended ¢ function as follows:

B((Q"k)ak + ... + (Q*2)a, + Qay + ag, B) = @(ay, ... , Az, A1, Cg, B),
where Q denotes the smallest uncountable ordinal. The ¢ function can be extended further into
transfinite arguments. When 3 = 0, the 8 function can be written as a single argument function; for
instance, 6(a) = 6(a, 0). The significance of Q is that

B8(a+Q) is the limit of B(a+6(a+8(a+...,

B8(aQ) is the limit of 8(aB(ab(a...,

08(a"Q) is the limit of 6(a*6(a”B(a*...,

B(aa.. AfaQ) is the limit of B8(ai a™... Ao B(a o, AaB (o M. Ao .
While 8(Q) =g is the Feferman-Schiitte ordinal, 8(Q"w) is the small Veblen ordinal (limit of ¢ function
with finite arguments) and 6(Q"Q) is the large Veblen ordinal (an ordinal so large that the ¢ function
would require as many arguments as the ordinal itself — in other words, the absolute limit of the ¢
function).



It can be shown that, forn =1 and k < w,
fi(n) = 2n,
fa(n) = (2”n)n = 2/n,
fa(n) = 272/21..A2n (with n 2’s)

> 2"Mn (using Knuth’s Up-arrow Notation),
fa(n) = 2/A2AN, AN2AND - (with n 2's)

2 2"\,
f(n) = 2N An (with k-1 up-arrows)

={2, n, k-1} (using Bird’s Linear Array Notation),
fw(n) = fa(n)

>{2, n, n-1}.

Note that {a, b, 0} = ab, since Bird’s Linear Array Notation with 3 entries can be extended downwards
by setting the third entry to 0. Exponentiation (single arrow) is repeated multiplication (no arrows) just
as k arrows is repeated k-1 arrows. When n =1, f,(1) =f1(1) ={2, n, n-1} ={2, 1, 0} = 2x1 = 2.

The function f(n) is primitive recursive for all k < w. The f,(n) function diagonalises over the fi(n)
functions (for finite k) and is the lowest function in the fast-growing hierarchy that is not primitive
recursive. The single-argument Ackermann function grows as rapidly as f,(n).

Fornz= 2,
fu(n) ={2, n, n-1}

={2, {2, n-1, n-1}, n-2}

>{n, n, n-2} + 2.
This holds for n = 4, since {2, 4, 3} = 2°65,536 > 4’4" + 2 = {4, 4, 2} + 2 when n = 4. For higher
values of n, the second entry of the 3-entry array ending in n-2 (height of (n-2)-arrow tower) is much
more important than the first entry (number that is copied and placed at every storey of the tower).
This is because, for each value of n =2 5, the arrays {2, {2, n-1, n-1}, n-2} = 2*X and {n, n, n-2} = n™Y,
where X and Y are large integers, and since n <{2, n-1, n-1} < X, when 2”X is written as the highest
power tower of 2’s with a number equal to or greater than n on top, its height (call it X’) is still far
greater than Y (height of power tower of n’s in n*"Y) — when evaluating power towers with the same
numbers on top the heights are far more important than the numbers in the storeys (below the top). In
fact, X’ is so much greater than Y that any comparisons between 2 and n pale into insignificance.

The above result also holds forn =2 and n = 3, since
fu(2) =1(2) =8
>{n,n,n2}+2={2,2,0}+2=2%x2+2 =6,
fu(3) = f3(3) = 2727213 = 2256
>{n, n, n-2} + 2 = 29.

Fornz2,
fue1(n) >{n, n, 1, 2}
={n,n,{n,n{...{n, n, n}..}}} (with n-1 pairs of curly brackets),
as fue1(n) = f,"(N)

>, (n+2)

> £, 2({n, n, (n+2)-2} + 2) = f,"%({n, n, n} + 2)

> £,"%({n, n, (in, n, n}+2)-2} + 2) = £,"(n, n, {n, n, nj} + 2)

>{n,n,{n,n,{...{n, n, n}..}}} (with n-1 pairs of curly brackets).
This also holds for n =1, since f,+1(1) =2>{1,1, 1,2} = 1.



f,+1(64) is greater than Graham’s Number since, for n 2 5,
fu(n) > {3, 3, n-2} + 2,
which means that,
fus1(64) > £,"(6)
> £,2%({3, 3, 4} + 2)
> £,22({3, 3, {3, 3, 4}} + 2)
>1,"((3,3, 3,3, {3, 3, 4} + 2)
>{3,3,{3,3,{... {3, 3,4}..}}} (with 64 pairs of curly brackets, Graham’s Number).

It can be shown that, forn =2 1 and k < w,
fu2(n) >{n, n, 2, 2},
fuea(n) >{n, n, 3, 2},
fu+k(n) >{n, n, k, 2},
f(.uZ(n) = fw+n(n) > {n, n, n, 2}:
fy2+1(n) >{n, n, 1, 3},
fw2+k(n) > {n, n, k, 3},
fws(n) >{n, n, n, 3},
fuk(n) >{n, n, n, k},
funa(n) = fen(n) > {n, n, n, n}
2n—n—..—n (with n entries, Conway’s Chained Arrow Notation),
for+1(n)>{n,n, 1,1, 2},
fun2 + k() >{n, n, k, 1, 2},
foro + w(n) >{n, n, n, 1, 2},
fw"2 tw+ k(n) > {n, n, k, 2, 2},
fur2 + wk(n) > {n, n, n, k, 2},
fwn2)2(n) > {n, n, n, n, 2},
fwr2k(n) > {n, n, n, n, k},
furs(n) > {n, n, n, n, n},
fu(n) >{n,n, n, ..., n} (with k+2 n’s).

Using Bird’s Multi-Dimensional Array Notation (in which a number in square brackets denotes a
separator, a comma being a shorthand for [1] in this notation),

furw(n) > {n, n+2 [2] 2}

={n,n,n,..,n} (with n+2 n’s),

fw’\w+ 1(n) > {n, n, 2 [2] 2}!

furw + k(M) > {n, n, k+1 [2] 2},

furw + w(n) > {n, n, n+1 [2] 2},

fw’\w+w+ 1(n) > {n, n 12 [2] 2}:

forw +w +k(N) >{n, n, k, 2 [2] 2},

furw +wi(n) >{n, n, n, k [2] 2},

forw + wr(n) > {n, n, n, n [2] 2},

forw +wk(M) >{n,n, n, ..., n[2] 2} (with k+2 n’s),
fwrw)2(n) > {n, n+2 [2] 3}
={n,n,n,..,n[2] 2} (with n+2 n’s),
f(w"w)k(n) > {n, n+2 [2] k+1}
={n,n,n,..,n[2] k} (with n+2 n’s),
furw+n(M) >{n, n,n, ..., n[2] n} (with n+2 n’s before [2]),

furwen+1(n) >{n, n[2] 1, 2},
furw+)+k(N) > {n, n, k[2] 1, 2},



furwet)+w(n) > {0, n, n [2] 1, 2},
forw+)+wk(n) >{n,n, ..., n[2] 1, 2} (with k+2 n’s),

forw+)+ wrw(n) >{n, n, ..., n[2] 1, 2} (with n+2 n’s),

fuorw+1) + @rw)2(M) > {n, n, ..., n[2] 2, 2} (with n+2 n’s),

fur+1) + @ro(N) > {n, n, ..., n[2] k, 2} (with n+2 n’s),

fwrw+n2(n) > {n, n, ..., n[2] n, 2} (with n+2 n’s before [2]),

frwrk(M) >{n, n, ..., n[2] n, k} (with n+2 n’s before [2]),

furw2)(N) >{n, n, ..., n[2] n, n} (with n+2 n’s before [2]),

forwsy(M) >{n, n, ..., n[2]n,n, ..., n} (with n+2 n’s before [2] and k n’s after [2]),
furw2)(n) >{n, n, ...,n[2]n,n, .., n} (with n+2 n’s before [2] and n n’s after [2]),
forwiy(n) > {n,n,..,n [2] n,n,..,n [2] ... [2] n,n,..,n} (with k ‘rows’, each containing n n’s),

f(.u"w"2(n) > {n, n [3] 2}
={n,n,..,n[2] n,n,..,n[2] ... [2] n,n,..,n} (2 dimensional n*2 array of n’s),
f(.u"w"3(n) > {n, n [4] 2}
={n,n,..,n[2] n,n,..,n[2] ... [2] n,n,..,n [3]
n,n,...,n[2] n,n,...,n [2] ... [2] n,n,...,n [3]

n,n,...n[2] n,n,..,n[2] ... [2] n,n,..,n} (3 dimensional n*3 array of n’s),
furw(n) > {n, n [k+1] 2} (k dimensional n"k array of n’s).

Using Bird’s Hyper-Dimensional Array Notation (in which the separators themselves become arrays),
furwrw(n) > {n, n [1, 2] 2}
={n, n[n+1] 2} (n dimensional n*n array of n’s),
fw"w’\(w+k)(n) > {n, n [k+1, 2] 2}:
fw"w"(wZ)(n) > {n! n [11 3] 2}:
fw"w’\(wk)(n) > {n, n [11 k+1] 2}!
fw"w’\w"Z(n) > {n, n [1v 1, 2] 2}-
furwrwak() >{n,n[1,1,..,1,2]2} (with k 1’s).

Using Bird’s Nested Array Notation (in which separator arrays can be nested inside themselves),
fw"w"w"w(n) > {n! n [1 [2] 2] 2}7
fw’\w’\w"w’Q(n) > {n, n [1 [3] 2] 2}!
fw’\w’\w"w’\k(n) > {ﬂ, n [1 [k+1] 2] 2}!
furwrwrwrn(n) > {n, n [1[1, 2] 2] 2},
fw’\w’\w"w’\w"Z(n) > {ﬂ, n [1 [1, 1, 2] 2] 2}:
formrwrwrwk(n) >{n, n[1[1,1,..,1,2]2]2} (with k 1’s),
fume(n) > {n, n [1 [1[2] 2] 2] 2},
fomz(n) >{n, n [1 [1[1, 2] 2] 2] 2},
fumg(n) >{n, n[1[11[1[2] 2] 2] 2] 2}.

In general, for 2 <k < w,
forc() >{n,Nn[L[1[...[1[1,2]2]...]12]2]2} (with (k-1)/2 pairs of square brackets, k odd)
>{n,n[1[1[...[1[2]2]...]2]2] 2} (with k/2 pairs of square brackets, k even).
This has limit ordinal €q in the fast-growing hierarchy.

Each new entry in the array adds one to the corresponding power of w in the f subscript, each new
row adds w to the power of w, each new plane adds w”?2 to the power of w, and so on. Each new
dimension adds one to the corresponding power of w”w, each new entry in a separator array adds
one to the power of w”w”w, each new dimension within it adds one to the power of w*w"w"w, each



new entry in a separator array within a separator array adds one to the power of w*w" w" w"w, and so
on. Turning a single-entry separator (within various levels or nests of separator arrays, if any) into a
linear array (separated by commas or [1]'s) adds one to the corresponding height of the exponential
tower of w’s; turning it into a multi-dimensional array (separated by [2]'s or higher) adds two to the
height of the w power tower.

The limit ordinals of Knuth’s Up-arrow Notation, Conway’s Chained Arrow Notation and Bird’s Array
Notations thus far, in the fast-growing hierarchy, are shown below:

Notation Limit ordinal Fast-growing functions at limit ordinal
Knuth’s Up-arrows w Ackermann Function

Conway’s Chained Arrows w"2

Bird’s Linear Arrays w™w Friedman’s n(k) (Block Subsequence Theorem)

Bird’s Multi-Dimensional Arrays  www
Bird’s Hyper-Dimensional Arrays  w ww"w
Bird’s Nested Arrays € Goodstein Sequence, Fusible Numbers

We now proceed into Bird’s Hyper-Nested Arrays (see Beyond Bird’s Nested Arrays | and Il) and
Nested Hyper-Nested Arrays (see Beyond Bird’s Nested Arrays lll). Since fyagn.1)(n) > {n, n [11 2] 2}
grows twice as fast as fg(n) = fump-1(n), and the sequence {n, n [1 \ k+3] 2}, for some k, grows
somewhat more quickly than fg,.,(n) = fuspr_awae+1)(N) (With n w’s), it can be shown that
feo+2(n) >{n, n[1\2] 2},
fe+1(n) > {n, n [1\ k+2] 2},
fe,(N)>{n,n[1\1, 2] 2},
fege + 2(n) > {n, N [111[112] 2] 2},
f) = foz, (M) > {0, n [11112] 2},
fq,(3’ o)(n) >{n,n[1\1\1\2]2},
for, 0)(M) >{n, n[1\V1\..\1\2]2} (with k 1’s),
ow, 0 >{n,n[1[2-2]2] 2} (\is shorthand for [1 = 2]),
o, 0)(N) > {n, n [1 [k+1 -~ 2] 2] 2},
pww, 0)(N) >{n, n[1[1,2-2]2] 2},
o(www, 0)(N) >{n, n[1[1[2] 2-2] 2] 2},
(
(
(
(

(e, 0)+1(N) >{n, n [1[1\2 2] 2] 2},

oew, 0),0(N) >{n,n[1[1[2-2]2-2]2] 2},

090, 0,0 +1(N) >{n, n[1[1[1\2-2]2-2] 2] 2},

fro(n) = fo(n) >{n, n[1[1 - 3] 2] 2} (6 is an ordinal collapsing function),
fo(1,0,0,0)(N) = fon2)(n) > {n, n [1 [1 = 4] 2] 2},

foau(n) > {n, n [1 [1 - k+2] 2] 2},

f

f

f

forw

f(p wrwrwiw, 0)(n) > {n, n [1 [1 [1, 2] 2= 2] 2] 2}:
f

f

f

forwy(n) >{n,n[1[1-1,2] 2] 2} (growth rate small Veblen ordinal),
fora)(n) >{n, n[1[1-1-2]2] 2} (growth rate large Veblen ordinal),

(
(
(
fo@rarwy(n) > {n, n[1[1[2\3 2] 2] 2] 2} (= or \z is shorthand for [1 \3 2]),

foraray(n) > {n, n [1 [1 [1\3 3] 2] 2] 2},

forarang)(n) > {n, n[1[1[1\31\32] 2] 2] 2},

faarararangy(n) > {n, N[L[1[1[1\4 3] 2] 2] 2] 2} (\ is shorthand for [1 \«+1 2]).
The rate of growth of Friedman’s TREE sequence (finite form of Kruskal’s Tree Theorem) exceeds
that of fr,(n). There is a less rigorous proof that the growth rate exceeds that of fgqaw)(n). See page 10
of Beyond Bird’s Nested Arrays Il for more details on this function.



Separators of the form [X3\ X, \ ...\ Xi] (where the X; are strings of characters and the backslash is a
hyperseparator marking successive levels of the binary ¢ function, represented by the left-hand
argument) provide the foundations of Bird’s Hyper-Nested Arrays — X; corresponds to ordinary
addition, multiplication and exponentiation (or the ¢(0, a) function); X, corresponds to the epsilon
numbers (¢(1, a)) and X, corresponds to ordinals of the form ¢(k-1, a). For example, the separator

[N+1\ no+1\ ...\ Ny +1 \ ni+2]
where ny, ny, ng, ..., Nk are non-negative integers, corresponds to the ordinal

€G3, @( ... 9(k-2, @(k-1, n) + N.1) ... ) +Ng) +N3) + ) “w "y
in the fast-growing hierarchy, i.e. when a is the above ordinal,

fa(n) > {n, n [N1+1\ ny+1\ ...\ g +1 1\ ne+2] 2}.
The [2 - 2] hyperseparator (backslash is [1 = 2] while - is a 2-hyperseparator) gets us beyond ¢(w, 0)
and into the second dimension of ‘hyperspace’, while nested levels of [ 2] inside [ = 2] enable us to
reach p and the [1 - 3] hyperseparator. Nesting on the right-hand side of the - sign leads us to the
large Veblen ordinal and - chains. Then by analogy of = with \ we repeat this process to create higher
order hyperseparators \z, \4, \s and so on, where \; is a k-hyperseparator and shorthand for [1 \+1 2].
The limit ordinal of all of this is 6(¢q+1), the Bachmann-Howard ordinal.

When X is a string of characters such that [X] is a separator with level a (separates a dimensional
spaces — containing up to w™a arguments — within an array, e.g. comma or [1] has level 0, [n+1] has
level n, [1, 2] has level w, [1\ 2] has level gp), then

fw"w’\a + 1(”) > {n, n [X] 2}-

In fact,

fw"w’\a(n) > {n, n [X] 2}
holds true in virtually all cases. It holds true for all 0 < a < €, but not when a is gy or an epsilon
number of the form €g+1, £(€(£(...(€0)...))) or (€(&(...(gg+1)...))), where there are a finite number of €’s in
the expression.

It can be shown that, for n = 1, k < w and [X] being larger than all of the other separators in the array,
fw’\w’\a + 2(n) > {n, n, 2 [X] 2}:
fw"w"a + k(n) > {n, n, k [X] 2}1
fw’\w’\a + w(n) > {n, n,n [X] 2},
fw’\w’\a +tw+ k(n) > {n, n, k, 2 [X] 2},
forwra + wk(M) > {N, n, n, K [X] 2},
forwra + wro(N) > {n, n, n, n [X] 2},

formra + wk(N) > {n, n, n, ..., n[X] 2} (with k+2 n’s),
fw"w"a + w"w(n) > {n, n+2 [2] 2 [X] 2}
={n,n,n,..,n[X]2} (with n+2 n’s),
furwra + wrwrk(N) > {n, n [k+1] 2 [X] 2} (k dimensional n*k array of n’s before [X]),
fuwrwra + wrwrw(n) > {n, n [1, 2] 2 [X] 2}
={n, n[n+1] 2 [X] 2} (n dimensional n*n array of n’s before [X]),

fw’\w’\a + w"w"w"w(n) > {n, n [1 [2] 2] 2 [X] 2},
fu)"w"a + w"w"w"w"w(n) > {n, n [1 [11 2] 2] 2 [X] 2}!
furwra + e +1(N) > {n, N [112] 2[X] 2},

foo"w"u + Q(w, 0)(n) > {n, n [1 [2 - 2] 2] 2 [X] 2}1
furana + () > {n, n [1[1 - 3] 2] 2 [X] 2},

furna + a@ra)(n) > {n, N [1[1~1-2]2]2[X] 2},
f(w"w"a)z + 1(”) > {n, n [X] 3};

f(w"w"a)k+ 1(n) > {n, n [X] k+l}v



fw"(w"q + 1)(”) > {I’l, n [X] n+1}v
f(.u"(w"a +1)+ 1(n) > {n, n [X] 1, 2}1
fwrwra + 1) + (rwrayk + 1(N) > {n, n [X] k+1, 2},
flwnwra + 1)2(N) > {n, n [X] n+1, 2},
frwnwaa + 1mk(n) > {n, n [X] n+1, Kk},
f(.u"(w"d + 2)(n) > {n, n [X] n+1, n}v
fw"(w"a+2)+ 1(n) > {I’l, n [X] 1,1, 2}-
fwA(qu+k)+ 1(I’l) > {n, n [X] 1,1,..,1, 2}
f(.u"(w"a + w)(n) > {n, n [X] 1 [2] 2},
funaa + wr(n) > {n, n [X] 1 [k+1] 2},
funwra + wrw)(N) > {N, n [X] 1 [1, 2] 2}

={n,n[X]1[n+1] 2},
fw"(w"a + w"w"w)(n) > {I’l, n [X] 1 [1 [2] 2] 2}1
f(.u"(w"a + w"w"w"w)(n) > {n: n [X] 1 [1 [1, 2] 2] 2}:
f(w"w"a)so+ l(n) > {n- n [X] 1 [1 \ 2] 2},
flwrwraow, 0)(N) >{n, n [X] 1 [1 [2 -~ 2] 2] 2},
fwrwraro(n) > {n, n [X] 1 [1 [1 = 3] 2] 2},
fwrwrae@ra)(n) > {n, n[X] 1 [1[1-1-2]2] 2},
funwrayz) + 1(N) > {n, n [X] 1 [X] 2},
fororap +1(N) >{n, n [X] 1 [X] 1 ... [X] 1 [X] 2}
fururar)(n) > {n, n [X7] 2}

(where [X'] is identical to [X] except that the first entry is increased by 1).

(with k 1’s),

(with k [X]'s),

When a = 8(eq+1) (the Bachmann-Howard ordinal), we can take A = €q+¢ and build the fundamental

sequence as follows:

a[n] = B(A[n]), where A[0] = 0 and A[n+1] = Q*A[n].

The first few ordinals of a[n] are:
a[0] =6(0) =1,
af1] = 6(1) = e,
af[2] = 6(Q) =T,
a[3] = 6(Q"Q).

Since fg(n) = fm(n),
feo(1) = 2,
fr(2)>{2,2[1[1-3]2]2}=4
fon)(3) >{3,3[1[1~1-2] 2] 2},
forana)(4) > {4, 4 [1[1 [1\3 3] 2] 2] 2},

(
forarara)(®) > {5, 5[1 [1[1\3 1\3 2] 2] 2] 2},
forararana)(6) > {6, 6 [1 [1 [1 [1\4 3] 2] 2] 2] 2}.

In general,

(as array reduces to {2, 2} = 272 = 4),

fo(M) > {0, 0 (L[] [1[1 \eayz L \neay2 21 2] ... 121 2] 2}
(with (n+1)/2 pairs of square brackets, n odd)
>{n,n [1[1[..[1[1\ns22312]...]12] 2] 2}
(with (n+2)/2 pairs of square brackets, n even).

The H(n) function at the end of Beyond Bird’s Nested Arrays Il grows twice as rapidly as fy(n).
However H(n) grows more slowly than the function fy+4(n) when a is the Bachmann-Howard ordinal.



Far greater ordinals exist beyond the Bachmann-Howard ordinal. Some examples are shown below
(the dots denote an infinite sequence):
B(eq+1"Q) = B(gq+1"0(€q+1"B(Eq+1"...))),
B(eq+1"€q+1) = B(E+1"QMNQNQN.),
B(q+2) = B(Eq+1"Eq+1Eq+1"...),
B(eq2) = 6(e(Q+0(e(Q+B(e(Q2+..)))))),
8(Ca+1) = B(9(2, Q+1)) = 6(e(Q+e(Q+e(Q+...)))),
B(9(Q, 1)) = 6(@(B(P(B((...0(9(B(eq+1), Q+1)), ..., Q+1)), Q+1)), Q+1)),
8(Q2) = 6(Ia+1) = B(Q(P(P(...0(¢(Q, 1), 0), ..., 0), 0), 0)),
B(eqr+1) = B(Q2"Q"NM...),
8(Qs) = B(T",+1) = B(P(P(P(...0(9(Q, 1), 0), ..., 0), 0), 0)),
(Qu),
e(QQ) - (QB(QS(Q...)))!
(Qqq.)-

CD

D

The ordinal Q4 is the ath uncountable ordinal in the sequence starting from Q; = Q, and may be
thought of as a cardinal number (similar to the Aleph numbers). (The countable ordinal Qg = w.) The
ordinal 8(Qq, ) is by no means the largest ordinal ever written down, as it only represents the first
fixed point of a = Qg within the 8 function, and we can create a whole new ‘superfunction’ of cardinal
numbers analogous to the 8 function for ordinals in order to create even more hypergigantic ordinals!

Bird’s Hierarchical Hyper-Nested Array Notation (see Beyond Bird’s Nested Arrays V) looks much the
same as Nested Hyper-Nested Arrays (in the previous document) except that it is made much more
powerful, with mixing of higher order hyperseparators of various levels on the same square bracket
layer allowed as well as modifications made to Angle Bracket Rule A5. The various levels of the
hyperseparators are arranged in a strict hierarchy — not only does an (n+1)-hyperseparator outrank
any n-hyperseparator but (n+1)-hyperseparators are only used when n-hyperseparators have been
completely exhausted (the lowest level of separators are normal separators or 0-hyperseparators).
This notation uses forward slashes instead of backslashes (e.g. \, becomes /,), in order to avoid
confusion with the previous notation. The ~ symbol can be written in place of /, if this makes separator
expressions easier to read. Examples include the following:
feo+1(n) > {n, n [1/2] 2},
fe+1(n) >{n, n [1/k+2] 2},
fegeg + 2() > {n, n[1/1[1/2] 2] 2},
wmﬂmmmmeU1an
ow,0(M) >{n,n[1[2/,2] 2] 2} (/ is shorthand for [1 /, 2]),
fowiw, 0(N) >{n, n [1[1, 2/, 2] 2] 2},
fowrwrw, o) > {n, n [1[1[2] 2/, 2] 2] 2},
fowrwrwnw, 0)(N) >{n, n [1[1[1, 2] 2/5 2] 2] 2},
fo(eo, 0+ 2(M) > {n, N [1[1[1/2] 2/, 2] 2] 2},
foo(eo, 0,0 +2(M) >{n, n[1[1[1[1[1/2]2/>2]2]2/>2] 2] 2},
fro(n) =fo@)(n) >{n, n[1[1/2/; 2] 2] 2},
f(p1 0,0,0(N) = fer2)(n) >{n, n[1[1/3/,2] 2] 2},
formy(n) >{n, n[1[1/1,2/,2]2] 2} (growth rate small Veblen ordinal),
foary(n) >{n, n[1[1/1/2/,2] 2] 2} (growth rate large Veblen ordinal),
forarwy(N) >{n, n[1[1[2/,2]21/,2] 2] 2},
foranay(n) > {n, N [L[L[1/2/,2]21,2] 2] 2},
forarang)(n) >{n, n[1[1[1/1/2/,2]2/,2]2] 2},
forararara)(n) >{n, n[1[1[1[1/2/,2]2/,2]12/,2]2] 2},



foean) +1(N) >{n,n[1[1/, 3] 2] 2} (growth rate Bachmann-Howard ordinal),

foearinz) +2(N) >{n, n[1[1[1/>3]2/> 3] 2] 2},

foearrearny +2(N) >{N, N [1 [1[1 /23] 1[1 /23] 2/, 3] 2] 2},

B(ea+1en+1"eQ+1) + 1(n) > {n n [1 [1 [1 [1 I 3] 2/ 3] 2/, 3] 2] 2}

fo €a+2) + 1(n) > {n n [1 [l I2 4] 2] 2}

foeaz(n) >{n, N [1[1/21/2] 2] 2},

foean)(N) >{n, n[1[1/,1/1/2]2]2},

foea)(M) >{n, n[1[1/21[1/2/,2]2]2] 2},

foe(eary + 2(N) >{N, n[1[1 /21 [1/>3] 2] 2] 2},

o(e(e(eas)) +1(N) >{N, N [1[1/21[1/,1[1/>3]2] 2] 2] 2},

fogan)(N) = fo@un(n) >{n, n[1[1/,1/,2]2]2} (B, is an ordinal collapsing function within 8),

fo@uan(M) >{n,n[1[1/21/>21/>2]2] 2},

fauwy(n) >{n, n[1[1[2/532] 2] 2] 2} (/k is shorthand for [1 /k+1 2]),

fo@u@@:0y) +2(N) > {n, N [1 [1[1[1[1/23] 2] 2/52] 2] 2] 2} (01(1) = €g+1),

aer@@e@ ) +1(N) >{n, n[L[1[1[1[1[1[1[1/>3]2]2/532]2]2]2/532]2]2] 2},

foei)(n) >{n,n[1[1[1/2/532] 2] 2] 2},
(
(
(
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fauara)y(n) >{n, n[1[1[1/1/2/32]2]2] 2},
faeuararay(M) >{n, n[1[1[1[1/2/,2]2/32]2] 2] 2},
fo@ueuy +1(N) >{n, n[1[1[1[1/53]2/532] 2] 2] 2},
fouereunyy +1(N) >{n, n[1[1[1[1[1[1/,3]2/32]2]2/532] 2] 2] 2},
fe(Qz)(n) > {n n [1 [1 [1 /2 2 /3 2] 2] 2] 2}
foray(N) >{n, n[1[1[1/,1/,2/32]2]2] 2},
foraray(M) >{n, n[1[1[1[1/22/32]2/32]2] 2] 2},
foe(or)) + 1(N) = foeyy) + 1(N) > {n, n [1 [1 [1 /5 3] 2] 2] 2},
foz+1)(N) = foea2)(N) > {n, n[1 [1[1 /31 /53 2] 2] 2] 2},
foa(wy(n) >{n, n[1[1[1[2/4,2] 2] 2] 2] 2},
fo)(M) > {n, n[1[1[1[1/2/42]2]2]2] 2},
foeaz)(N) >{n, N [1[1[1[1/>2/42] 2] 2] 2] 2},
fo@a(eaeyy + 1(N) > {N, N [L[1[1[1[1/33] 2/4 2] 2] 2] 2] 2},
fo@a(202)) + 1(N) > {N, N[L[L[A[1[1[1[1/33]12/42]2]21/42] 2] 2] 2] 2},
foy(N) >{n, n[1[1[1[1/32/42] 2] 2] 2] 2},
ae(@s+1) + 1(N) = foesy + 2(N) > {n, n [ [1 [1 [1 /4 3] 2] 2] 2] 2},
a(g@s+1))(N) = foea2))(N) > {n, N [1 [1[1[1/41/42] 2] 2] 2] 2},
foeawy(n) > {n, n[1[1 [1[1[2/52] 2] 2] 2] 2] 2},
fo@y(M) >{n, n[1[1[1[1[1/42/52] 2] 2] 2] 2] 2},
foay(M) >{n, n[1[1[1[1[1[1/s2/52] 2] 2] 2] 2] 2] 2},

fog(N) >{n, N[1[1[L[1[1[1[1/s2/72]2] 2] 2] 2] 2] 2] 2}.
The limit ordinal of Bird’s Hierarchical Hyper-Nested Arrays is 8(Qy,).

—h —h

The U(n) function at the end of Beyond Bird’s Nested Arrays IV grows as rapidly as fg(q,)(n), which is
also the growth rate of the Extended Kruskal Theorem (Kruskal’s Tree Theorem extended to labelled
trees, which have vertices labelled from 1 to n), the Graph Minor Theorem (or Subcubic Graph
Numbers) and Buchholz Hydras (with w labels removed).

Beyond Bird’s Nested Arrays V introduces extensions to the Hierarchical Hyper-Nested Arrays
created in the fourth Beyond Bird’s Nested Arrays document, in which the single-value forward slash
subscript itself becomes an array, a nested array, or even a nested subscript array. Also, these
subscript arrays may be affixed to the inside of the square bracket separators, as long as each of



these contains a ‘higher’ subscript array attached to a slash (anywhere within the separator).
Examples include the following:

fou)(n) >{n, n[1[2 /12 2] 2] 2},

foes(au), (M) >{n, n [1[2 /12 2] 3] 2},

foez(au), (M) >{N, N [1[1[2/122,] 3] 2] 2},

foea(au), (M) >{n, N [1[1[1[2/122 3] 3] 2] 2] 2}

(ek is used as shorthand for [2 /1 » 2 ] at the beginning of the document),

aw, (M) >{n, n[1[3/122]2] 2},
fo Qw+l)(n) >{n,n[1[1/123]2] 2},
fouz)(n) >{n, n[L[1/121/122]2] 2},
fourw)(n) >{n, n [1[1[2/22 2] 2] 2] 2},
fouran(N) >{n, n[1[1[1/122/5,2]2] 2] 2},
a(e(@u+1)) + 1(N) = fouy + 1(N) > {n, n [1 [1 [1 /22 3] 2] 2] 2},
fg ((Qwﬂ))(n) = fg ew(z))(n) > {n n [l [1 [1 /2 2 1 /2 2 2] 2] 2] 2}
fouw)(N) >{n, n[1[1[1[2 /5, 2] 2] 2] 2] 2},
foeu@)(N) >{n, n[1[1[1[1/2/322]2]2] 2] 2},

(
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(
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(
fouu)(M) >{n, n[1[1[1[1/122/322]2]2]2] 2},
(
(
(
(
(
(
(
(
(
(
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foue)(N) >{N, N [1[1[1[1 /222 /322]2] 2] 2] 2},
fouea(N) >{n, N [1[1[1[1[1/322/422] 2] 2] 2] 2] 2},
fo@uia)(N) >{n, N [L[1[1[1[1[1/422/522] 2] 2] 2] 2] 2] 2},
fouz(N) > {n, n[1[1[2/152] 2] 2] 2},
fouz+y(N) >{n, N [1[1[1/133] 2] 2] 2},
fou2)(N) >{n, N [1[1[1/131/132]2]2] 2}
foQuaraus)(N) > {N, N [1[1[1[1/132/552] 2] 2] 2] 2},
o(e(@uz+1)) + 1(N) = foauz(ay + 1(N) > {n, n[1 [1 [1 [1 /25 3] 2] 2] 2] 2},
fo@uzy(N) >{N, N[1[1[L[1[1/232/332]2]2]2]2]2}
fo@uz)(N) > {N, N[1 [ [L[1[1[1/332/432]2]2]2]2]2] 2}
(// and /Il are used as shorthand for /, , and / 3 respectively on pages 5-21),

fo@ua(N) > {n, n[1[1[1[2/142] 2] 2] 2] 2},
foua(n) > {n, n [1 [1[1[1[2/152] 2] 2] 2] 2] 2},
fo@u2(N) >{N, N [1[2 /112 2] 2] 2},
fo@ur+1)(N) > {n, N [1[1 /11,2 3] 2] 2},
fo@u2)(N) >{N, N [1[1/1121/1122] 2] 2},
foQuoru)(N) >{N, N [1[1[1/1122/2122] 2] 2] 2},
foe@uror)) + 1(N) = fo@uuqy) + 1(N) > {N, N [1[1[1 /212 3] 2] 2] 2},
fo@uray(N) >{N, N[1[1[1[1/2122/3122]2]2] 2] 2},
fo@urara)(N) >{N, N[ [L[L[1[1/3122/41,22]2]2]2]2]2}
foQurw)(N) > {N, N [1[1[2 /122 2] 2] 2] 2},
fo@urw(N) > {N, N [1[1[1[2/1322] 2] 2] 2] 2},

(
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fo@urp)(N) >{n, N [1[1[2/11352] 2] 2] 2},

fe Q(wAZ)s)(n) > {nr n [1 [1 [1 [2 /1,1,4 2] 2] 2] 2] 2}1
fo@ug(N) >{N, N [1[2 /1112 2] 2] 2},

fo@ury(N) >{N, N[L[2/111122] 2] 2},
fo@ur)(N) > {N, N[1[2 /122 2] 2] 2},
fo@uwa)(M) > {N, N [1[2 /1132 2] 2] 2},
foQurns)() > {N, N [1[2 /111212 2] 2] 2},
0(Qurwrwrw)(N) >N, N [L1[2 /11112722 2] 2] 2},
foep) +1(N) >{N, N [L[2 /111,22 2] 2] 2},
forg(M) >{N, N [1[2/11111/25212)22] 2] 2},

—h
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fooea.) + 1(M) >{N, N[L[2 /1113122 2] 2] 2},
foe)(M >{N, N[ [2 1 pr2ns2222 2] 2] 2},
foeny) (M >{N, N[ [2 lippnns2n22222 2] 2] 2}

Taking S;=1[1[2/122]2]2 and Sp=1[1[2/s,2]2] 2,

fB(Qe(Qw))(n) > {I’l, n [1 [2 /Sl 2] 2] 2}1

faeaan (M) > {N, N [1[2 /s, 2] 2] 2},

forQeanga, () > (M. N [1[2 /s, 2] 2] 2},
which means that the limit ordinal of the S,, sequence — and Bird’s Nested Hierarchical Hyper-Nested
Array Notation — is 8(Qq).

The S(n) function at the end of Beyond Bird’s Nested Arrays V grows as rapidly as fgqq)(n).
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