Beyond Bird’s Nested Arrays Il

Using the single-argument theta function for expressing ordinals (e.g. 8(1) = €0, 8(2) = Co, 8(Q) =),
the most significant separators introduced so far are:-
[1] has level O,
[2] has level 1,
[1, 2] has level w,
[1[2] 2] has level w w,
[1[1, 2] 2] has level ww"w,
[1[11]2] 2] 2] has level ww w"w,
[1\2] has level 6(1) (\'is shorthand for [1 - 2]),
[L[1\2]2\2] has level 6(1)2,
[L[1[1\V2]2\2]2\2] has level 6(1)"6(1),
[1\ 3] haslevel 6(1,1) =6(1"w (using the two-argument function, 6(a, 0) = 6(a)),
[1\ 4] has level 6(1, 2) =6(1, 1)Mw,
[L\1, 2] has level B(1, w),
[LV1[1\2] 2] has level 6(1, 8(1)),
[L\1\2] has level B(2) =86(1, 6(1, 6(1, ... 6(1)...))) (with w 6’s),
[LV1\1\2] has level B(3) =6(2, 8(2, 6(2, ... 6(2)...))) (with w 6’s),
[1[2 -2] 2] has level B(w),
[1[1,2-2] 2] has level B(w"w),
[L[1\2-2] 2] has level 8(6(1)),
[L[1[1\V2-2]2~2]2] has level 8(8(8(1))),
[1[1-3]2] haslevel 6(Q),
[L[2 =3]2] has level B6(Qw),
[L[1\2 - 3] 2] has level 8(Q6(1)),
[L[1[1-3]2-3]2] haslevel 6(Q6(Q)),
[1[1 -4]2] has level 8(Q"2),
[1[1-1,2]2] has level 8(Q"w) (small Veblen ordinal),
[1[1~1[2] 2] 2] has level 8(Q*w"w),
[1[1-1\2]2] has level 6(Q"6(1)),
[1[1-1[2-2]2]2] has level 8(Q"6(w)),
[L1[1-1[1-3]2] 2] haslevel 6(Q"6(Q)),
[1[1-1[1~1,2]2]2] has level 8(Q"6(Q"w)),
[L[1-1[1-1\2]2]2] has level 8(Q"8(Q"6(1))),
[I[1-1[21-1[1-12\2]2]2]2] has level 8(Q"6(Q"6(Q"6(1)))),
[1[1~1~2]2] has level 8(Q"Q) (large Veblen ordinal).

If [X] and [Y] are hyperseparators (\ or arrays separated by - symbols) such that [1 [X] 2] and [1 [Y] 2]
have levels of 8(a) and 6(B) respectively (where a = 8), then [1 [X] 1 [Y] 2] would have level 6(a+p).

[L[1-1-2]1\2] has level 8(Q*Q+1),
[1[1-1-2]1[1-3]2] has level 8(Q"Q+Q),
[1[1-1-2]1[1-1,2]2] has level 8(Q*"Q+Q"w),
[L[1-1-2]1[1-12\2]2] haslevel 8(Q"Q+0Q"6(1)),
[1[1-1-2]1[1-1[1-3]2]2] has level B8(Q*"Q+Q"6(Q)),
[L1[1-1-2]1[1-1-2]2] has level 8((Q"Q)2),
[1[2~1-2]2] has level B((Q*"Q)w),

[L1[3~1~2]2] has level B((Q*"Q)w"2),



[1[1,2~1~2]2] has level 8((Q*"Q)w"w),

[L[1\2~172]2] has level 8((Q"Q)6(1)),

[L[1[1-3]2~1~2]2] has level 8((Q"Q)6(Q)),

[L[1[1-1,2]1 2~ 1~ 2] 2] has level 8((Q"Q)6(Q"w)),

[L[1[1-2\2]2~1~2]2] has level B((Q"Q)6(Q"6(1))),

[L[1[1-12[1-3]2]2~172]2] has level B8((Q"Q)6(Q"6(Q))),
[L[1[1-12-2]2~1~2]2] has level 8((Q"Q)6(Q"Q)),

[1[1[1[1-1-2] 2 -1-2] 2 7172] 2] has level B((Q"Q)B((Q"Q)B(Q"Q))),

[L[1[1[1[1-1-2] 2 =1-2] 2 =1-2] 2 7172] 2] has level B((Q"Q)B((Q"Q)B((Q"Q)B(Q"Q)))).

[1[1-2~2]2] has level 8(Q*Q+1)),

[1[1-3~2]2] has level 8(Q*Q+2)),

[1[1-1,2~2]2] has level B(QMNQ+w)),

[L[1-1\2=2]2] has level 8(QNQ+6(1))),

[L1[1-1[1-3]2~2]2] has level 8(Q"Q+6(Q))),

[L[1-1]1-1,2] 2 7 2] 2] has level 8(QMNQ+6(Q" w))),

[L[1-1[1-1\2]2~2]2] has level B(QMNQ+6(Q"6(1)))),

[L[1-1[1-1[1-3]2]2~2]2] has level 8(QNQ+6(Q"6(Q)))),

[L[1-1]1-1-2]2~2]2] has level 8(QMNQ+6(Q"Q))),

[1[1-1[1-1[1-1-2] 2 -2] 2 2] 2] has level B(QMNQ+B(QNQ+6(Q"Q))))),

[1[1-1[1-1[1-1]1-1-2] 2 =2] 2 -2] 2 =2] 2] has level
B(QNQ+6(QNQ+B(QNQ+6(Q™)))))))-

[L[1-1-3]2] has level 8(Q"Q2)),

[1[1-1-4]2] has level 8(Q"Q3)),

[1[a+1l = b+1 - c+1] 2] (where c = 1) has level 8((Q(Qc+b))w"a),
[L[1-1-1,2]2] has level 8(QNQw)),

[L[1-1-12\2]2] has level 8(QNQ6(1))),

[1[1-1-1[1-3]2] 2] has level 8(QNQ6(Q))),

[1[1-1-1[1-1,2] 2] 2] has level 8(QNQOB(Q"w))),
[L[1-1-1]1-1\2]2]2] has level 8(QNQB(Q"6(1)))),
[L[1-1-1[1-1[1-3]2]2]2] has level 8(QNQ6(Q"0(Q)))),
[L[1-1-1[1-1-2]2]2] has level 8(QNQ6(Q"Q))),
[1[1-1-1[1-1-1[1-1-2] 2] 2] 2] has level B(QMNQB(QMNQB(Q"Q))))),
[1[1-1-1[1-1-1[1-1-1[1-1-2] 2] 2] 2] 2] has level B(QMQB(QMNQB(QMNQB(QM)))))).

[L[1-1-1-2]2] has level 6(Q"Q"2),

[1[1-1-1-3]2] haslevel B(QN(Q"2)2)),

[L[L-1-1-1,2]2] haslevel 8(QN(Q"2)w)),

[l [l 21-1-1-2] 2] has level G(QAQA?)),

[L[1-1-1-1-1-2]2] haslevel 6(Q*Q"4),
[L[L=1-1-..21-2]2] (withn-symbols) has level 8(Q Q\(n-1)).

In general, when k = 3,
[1 [N+l = ny+l = ... = ng+1] 2] has level B((Q"a)w”ny),
where a = (QMk-2))ng + ... + (Q*2)ng + Qnz + no.



When encountering separators of [1[1-1-2] 2] or above (i.e. containing hyperseparators of [1-1-2]
or above, where the = symbol is a 2-hyperseparator), the capital N becomes a chain of arrays
separated by - symbols (e.g. N; = N, = ... = Ni) in the Angle Bracket (A) Rules.

With k = symbols (k = 2),
{a,b[1[1-1-1-..71-2]2]12}={a0[1 1212 ..71°2]2 b}
={a b Ry b> b},
where Rp=b-b-..=-b-bR,pb (with k-1 = symbols),
R]_ =0.

Angle Bracket Rules A5a and A5c are modified as follows:-

Rule A5a (separator [Aip] =[1-1-...=1=1[A11] 1 [Air12] ... 1 [Airtpid] Cisa #isa], With dj =
symbols and d; = 1, pj+1 = 1):
Si=‘b«Ai1» b[Ai1] b Ai2» bI[A2] ... b Aipa b [Aip.a] b «Tp b[Ap] ci-1 #,
Ti='b=-b-=..-b=Syi (with dj = symbols).
Increment i by 1 and repeat Rules A5a-d.

Rule A5c (Rules A5a-b do not apply, separator [Ajp] =[1-1-1-..-1-k#9, withd-symbols
andd=1,k=2):
Si='b Ai1» b [Ai1] b <Aio> b[Ai2] ... b (Aip1> b [Aip1] b Ry b [Ai ] ci-1 #,
Ri=b-b-..2b-bA1»Db[A] b ALY D[A] ... b Aip1> b[Apa] b Rnp b [Aip] Ci-1 #
- k-1 #* (with d-1 = symbols prior to ‘b <Ai1» b’, n>1),
R]_ =0.

(See pages 15-16 of Beyond Bird’s Nested Arrays Il for the remainder of the Angle Bracket Rules.
The Main (M) Rules always remain the same as in Nested Array Notation.)

In order to extend further, | introduce the second 2-hyperseparator in the series (after -). Instead of
introducing a double = symbol (e.g. 7~ or [2]7) we let the notation ‘step up a gear’ and introduce a
new 3-hyperseparator symbol (a black diamond ¢) to go inside the second 2-hyperseparator as
follows: [242]. The [142] 2-hyperseparator ‘drops down’ to the = symbol, just as the [1-2]
hyperseparator ‘drops down’ to the \ symbol. The ¢ symbol requires a minimum of three pairs of
square brackets enclosing it in order to allow usage in the ‘base layer’ of a main array (within curly
brackets), just as - needs at least two pairs and \ at least one. The [1 [142] 2] hyperseparator ‘drops
down’ to [172], which in turn ‘drops down’ to \.

The first separator that requires the new black diamond symbol,
{a, b [1[1][262]2]2] 2} = {a <0 [1[2¢2] 2] 2> b}
={a b b 142> b> by b}
={ab«b7b~..7b>bb}
(with b b’s within inner angle brackets).
This is a 8(Q*Q"w)-recursive function.

{a, b [1[1[3¢2]2] 2] 2} ={a <0 [1 [342] 2] 2) b}
={a b b 242> b> by b}
={a<b«b 142> b [2¢2] b 142> b [242] .... [2¢2] b 142> b > b> b}
={a b «b7b7..7b [242] b=b~..7b [242] .... [2¢2] b=b~..=b > b> b}
(with b2 b’s and b-1 [242]'s within inner angle brackets).



In general,
{a,b[1[1[n+1e2] 2] 2] 2} = {a <0 [1 [n+1e2] 2] 2> b}
= {a <b <b (ne2> b> by b},
where ‘b<ne2> b’ =‘b«<n-142> b [ne2] b <n-142> b [ne2] ... [ne2] b <n-142> b’
(with b ‘b <n-142> b’ strings),
‘bcle b =b-b-b-..-b (with b b’s),
‘b<«0e2> b’ ="b.

Angle Bracket Rules A2 and A3 now read as follows:-

Rule A2 (only 1 entry of either 0 or 1 prior to 2-hyperseparator or higher order hyperseparator):

‘add# b =a,

adb="a[l#la[l#..[1#a (with b a’s),
a2 b =fala\l..\a (with b a’s),
a<le2b =a~a-..-a (with b a’s),

where # begins with a 2- or higher order hyperseparator (= under no layers of square brackets, or ¢
under less than 2 layers of square brackets).

Rule A3 (last entry in any 1-space or higher dimensional space of array is 1):
a#[Al]bb ="adhb.
When [A] is an m-hyperseparator, [B] is an n-hyperseparator and m < n, or m = n and level of [A] is
less than level of [B],
‘adt [Al1[B]#5 b ="a«#[B]#9 b
Remove trailing 1’s.

The ¢ symbol is a 3-hyperseparator. The = symbol or a separator with a ¢ enclosed by just one
square bracket (e.g. [742]) is a 2-hyperseparator. The \ symbol or a separator with a = enclosed by
just one square bracket or a ¢ enclosed by two square brackets (e.g. [7-2] or [7 [7+2] 2]) is a
1-hyperseparator. A separator with no \, = or ¢ symbols, or all of these enclosed under a minimum of
1, 2 and 3 square brackets respectively, is a normal separator (or 0-hyperseparator).

Rules A5a and A5c are modified as follows:-

Rule Aba ([Ai,p.] =[1[B;142] 1 [Bi,#2]...1 [Bi'q‘QZ] 1[A11] 1 [Ais12] ... 1 [Ai+l,pi+1] Ci+1 Hir1],
where pi+1 21, gi 2 1):
Si="'b Ai1» b[A1] b <Ai2> b[Ai2] ... b (Aipa> b [Apa] b <Tp b[Aip] ci-1 #/,
Ti=b (Bi,1’02) b [BMQZ] b (Bi,2,02) b [Bi’202] ...b (Bi’qi’QZ) b [Bi’quZ] Si+1'.
Increment i by 1 and repeat Rules A5a-d.

Rule A5c (Rules A5a-b do not apply, [Aip] =[1[Bi142] 1 [Bi2#2] ... 1 [Bjq-142] 1 - d; #%],
where q; = 1):
Si='b Ai1» b [Ai1] b <Aio> b[Ai2] ... b (Aip1> b [Aip1] bRy b [Ai ] ci-1 #,
Rn =D «Bj1'¢2> b [B;142] b <B;,'#2> b [B;#2] ... b <Bj 4.1'¢2> b [B; .142]
b «Ai1> b[Ai1] b <Ai2» b[Aig] ... b <Aipa» b [Aipa]l b Rnp b [Aip] Ci-1 #
- di-1 #% (I"I > 1),
R, =0

Like each A;;, each B;; is a string of characters within a separator. The main difference between the A
strings and the B strings is that ¢2 is appended to each of the latter (in order to turn them into



2-hyperseparators) as their rank is either equal to or greater than that of the = symbol (or [142]),
whereas each of the [A;] is below - in rank. If B .1 = ‘1, the separator [B; ;.142] would be the -
symbol and ‘b «Bjq.1'42> b’ would become ‘b <0#2> b’ = ‘b’

The old Rule A5d becomes Rule A5e (Rules A5a-d do not apply) and a new Rule A5d is created as
follows:-

Rule A5d (Rules A5a-c do not apply, [Ai] =[1[B;142] 1 [B;.#2] ... 1[B;q#2] d; #%],
where g; 2 1 and [B; #2] is above [142] or - in level):
Si="'b Ai1» b [A] b <Ai2> b[A2] ... b Aipa> b [Aipa] b T b[A] ci-1#,
T="b<Bj1'42> b [B;142] b <B;>'#2> b [B;42] ... b (Bj;'#2> b [B; ;42] di-1 #*/.

The new Rule A5d is necessary owing to the fact that if the old Rule A5d (now A5e) applied, the string
T would become
Ai,pi’ =0 [Bi'102] 1 [Bi’202] 1 [Bi’q‘QZ] di #*i’,
which means that
‘bMb=bc0 [Bi'102] 1 [Bi‘202] 1 [Bi’q‘QZ] di#>b’
=P,
by the revised Rule A2, since [B;142] is a 2-hyperseparator (start of the #g string).

Take the simple example of
N={a, b[1][1][2¢2]2] 2] 2}
={a<0[1[2¢2] 2] 2> b},
with c1=2,d;=2,p1 =1, q; =1, all #-strings blank,
[Avd] = [1[242] 2],
[B1142] = [242].
Under the old Rule A5d,
N = {a «S» b}
={a<b D b> b}
={a b b},
whereas under the new Rule A5d,
N ={a <S> b}
={a<b D b> b}
={a b <b By 1'¢2> b» b> b}
= {a b <b 142> b> b> b},
and, by the revised Rule A2,
N={a<xk«b=b=..7b>b b} (with b b’s within inner angle brackets),
as originally defined.

Just as Rule A5a processes branching separators, and A5b and A5c deal with nesting separators, the
new A5d is the subrule for what | term plugging separators, as while they are virtually identical to
nesting separators, plugging separators merely ‘plug’ an angle bracket array with only one nested
layer in the space to the left of them, rather than ‘nest’ a number of layers of the angle bracket array.
The separator

[Aip] = [1 [Bi142] 1 [Bi2¢2] ... 1 [Biq¢2] d; #¥]
triggers Rule A5c if Bj g =1’ but A5d otherwise.



The initial part of Rule A5 now reads as follows:-

Rule A5 (Rules Al1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (c;)
is [Asp.)):

‘@<0[A11] 1[Ar2] ... L[Ayp] C1#1#o> b’ ="a S #p b,
where p; 2 1, #; contains no 2- or higher order hyperseparators in its base layer and #g is either an
empty string or begins with a 2- or higher order hyperseparator (- under no layers of square brackets,
or ¢ under less than 2 layers of square brackets).
Set i =1 and follow Rules A5a-e (b-e are terminal, a is not).

The final line of Rule A5a now reads: Increment i by 1 and repeat Rules A5a-e.
The diamond symbol allows us to introduce the following separators:-

[1[1[242] 2] 2] has level 8(Q"Q"w),

[1[1[2¢2] 2] 1\ 2] has level 8(Q"Q w+1),

[11[1[2¢2] 2] 1[2-2] 2] has level 8(Q"Q w+w),

[1[1[2¢2] 2] 1[1-3] 2] has level 8(Q*"Q "w+Q),

[1[1[2¢2] 2] 1 [1-1-2] 2] has level B(Q*"Q w+Q"Q),
[1[1[2¢2]2] 1[1[242] 2] 2] has level 8((Q"Q"w)2),
[1[2[2¢2] 2] 2] has level 8((Q"Q"w)w),

[L[1\2][242] 2] 2] has level B((Q"Q"w)6(1)),
[1[1[13]2[242] 2] 2] has level 8((Q*"Q"w)B(Q)),
[1[1[17172] 2 [242] 2] 2] has level B((Q*"Q" w)B(Q"Q)),
[1[11[1[242] 2] 2 [242] 2] 2] has level 8((Q"Q"w)B(Q Q" w)),
[1[1[1[1[2¢2] 2] 2 [2¢2] 2] 2 [2¢2] 2] 2] has level B((Q*"Q w)B((Q Q" w)B(Q Q" w))),
[1[1~2[242] 2] 2] has level B8(QMNQ w+1)),
[1[1-1-2[242] 2] 2] has level 8(QMNQ "w+Q)),
[1[1717172][242]2] 2] has level 8(QNQ w+0Q"2)),
[1[1[2¢2] 3] 2] has level B(QM(Q"w)2)),

[1[1[2¢2] 1\2] 2] has level 8(QN(Q"w)B(1))),
[1[1[2¢2]1[173] 2] 2] has level 8(QMN(Q"w)6(Q))),
[1[1[2¢2] 1 [17172] 2] 2] has level 8(QA(Q w)B(Q"Q))),
[1[1[2¢2] 1[1][2¢2] 2] 2] 2] has level 8(QMN(Q"w)B(Q"Q"w))),
[1[1[2¢2]1[1[2¢2]1[1][2¢2] 2] 2] 2] 2] has level B8(Q(Q w)B(QM(Q w)B(Q Q" W))))).

[1[1[2#2] 1 - 2]2] has level B(QAQNw+1)),

[1[1[262] 1~ 1-2]2] has level 8(Q"\QNw+2)),
[1[1[262] 1[2¢2] 2] 2] has level 8(Q*QNw2)),

[1[1[262] 1 [242] 1 [242] 2] 2] has level 8(Q*QNw3)),
[1[1[3¢2] 2] 2] has level B(Q"Q w"2),

[1[1[442] 2] 2] has level B(Q"Q w"3),

[1[11[1,2 2] 2] 2] has level 8(Q"Q w w),

[L[1[1\2 #2] 2] 2] has level 8(Q*Q(1)),

[1[1[1[173] 2 2] 2] 2] has level 8(Q*Q"9(Q)),
[1[1[1[171,2] 2 2] 2] 2] has level B(Q*Q"8(Q"w)),
[1[1[1[1-1-2] 2 2] 2] 2] has level 8(Q*Q(QQ)),
[1[1[1[1[242] 2] 2 #2] 2] 2] has level B(Q*Q"8(Q"Q" w)),
[L[1[1[1[1\2+2]2]2+2]2]2] has level 8(Q'Q"(QQO(1))),



[L[1[1[L[1[1[1\2 ¢2]2]2 ¢2] 2] 2 42] 2] 2] has level 8(Q*QB(QQO(QQ"E(1)))).

If [X] and [Y] are 2-hyperseparators (— or arrays separated by ¢ symbols) such that [1 [1 [X] 2] 2] and
[1[1[Y]2] 2] have levels of 8(Q"Q"a) and B(Q"Q"B) respectively (where a = B), then
[L[1[X]1]Y] 2] 2] would have level 6(Q*Q(a+p)).

[1[1[143]12] 2] has level 8(Q*Q"Q),

[1[1[143]11 2] 2] has level 8(Q"QNQ+1)),

[1[1[143]1[2¢2] 2] 2] has level B8(Q*"QNQ+w)),

[1[1[1e3]11][1\2 #2] 2] 2] has level 8(Q"QNQ+6(1))),

[1[1[163]11][1[1[143]2] 2 ¢2] 2] 2] has level 8(Q*"QNQ+6(Q"Q Q))),

[1T[1[1e3]11[1[1[163]1[1[1[1e3]2]2 ¢2]2]2 #2]2]2] has level
8(QMNNQ+B(QMNNQ+B(QMQMQ))))),

[1[1[163]11[143]2] 2] has level 8(Q*"QNQ2)),

[1[1][243] 2] 2] has level 8(Q"QNQw)),

[L[1[1\2 3] 2] 2] haslevel 8(Q"QNQ6(1))),

[1[1[1[1[143]2]2 3]2]2] has level 8(Q*"QNQB(Q"Q"NQ))),

[T [1[1[1[143]2] 2¢3]2]243]2] 2] has level 8(Q*QNQB(QQNQB(QMQMNQ))))).

[1[1[144] 2] 2] has level B(QQ"Q"2),
[1[1[145] 2] 2] has level B(QQQ3),
[1[1[141,2] 2] 2] has level B(Q*Q Q" w),
[111[1¢1\2]2]2] has level 8(Q*Q"Q(1)),
[1[1[1¢1[1-3]2]2]2] has level B(Q"Q"Q"8(Q)),
[M1[1e1[1-1-2]2]2]2] has level 8(Q*QQ"8(Q"Q)),
[101[1¢1[1[13]2] 2] 2] 2] has level 8(Q*QQ"8(Q*QQ)),
[T e1[1[1¢1\2]2]2]2]2] has level 8(Q*\QQ(QQAQ"E(1))),
M e1[1[1e1[1[1e1\2]2]2]2]2]2]2] has level
8(QMQQMB(QAQNQM(QMQNME(1)))),
[1[1[1¢12]2]2] has level 8(Q*\Q"Q"Q).

Notice some similarities of the 10 separators above with the 10 below:

[1[174] 2] has level 8(Q"2),

[1[1-5] 2] has level 6(Q"3),

[1[171,2] 2] has level 8(Q"w),

[1[1-1\2]2] has level 6(Q"8(1)),

[1[1-1\3]2] has level 8(Q"6(1, 1)),

[L[1-1\V1\2]2] has level 8(Q"6(2)),

[1[1-1[1-3]2]2] has level 6(Q"6(Q)),

[1[1-1[1-1\2]2]2] has level 8(Q"0(Q"6(1))),

[1[1-1[1-1[1-12\2]2]2]2] has level 8(Q"6(Q"6(Q"6(1)))),

[1[1-1-2]2] has level 8(Q"Q).
The creation of the first group of 10 separators mirrors the second group of 10, except that the —'s are
+’s, the single nested square brackets become double nested square brackets and the single Q’s in
the 8 function become Q*Q"Q’s. Another pattern we are spotting is that when X and Y are arrays
such that [1 [X=Y] 2] has level 8(a), then [1 [1 [XeY] 2] 2] would have level 6(Q*Q"a).

It is not possible to place the 3-hyperseparator ¢ symbol on the same ‘nested level’ as a
2-hyperseparator as in this example: [1[1[1 3 ¢2] 2] 2]. The ‘173’ could become ‘172’ which ‘drops



down’ to a backslash (\) asin [1[1 [\ 2] 2] 2] and each opening bracket must be followed by a
number. Norare [1[1[1[1¢3]242]2]2] and [1[1[1¢1~73]2]2] allowed ([1[1[1¢1-2]2]2]
‘drops down’ to [1[1[1 ¢\] 2] 2] and each closing bracket must follow a number).
[1[1[11][1e3]12]2]2] is also illegal.

The 6(Q*Q"Q) level separator
{a,b[1[1[1e3]12]2]2}={a<0[1[143]2] 2> b}
={a<bdbddb.. bbb be2>b>be2>b>..>be2> b be2> by by b}
(with 2b b’s from centre to right and b-1 ¢’s)
= {a b Rp> b» b},
where R, =‘b«b (Ry,..> b 2> b’,
R]_ =0.

For example, whena =3 and b = 2,
{3,2[1[1[163]12]2]2} ={3 <0 [1[13]2] 2> 2}
= {32 <2242 2> 2> 2}
={3¢2<«272[242] 22> 2 2}
={3¢2 [172[242] 2-2] 2 [272[242] 2-2] 2 [172 [242] 2-2] 2> 2}
(since 2«02 [242] 2-2>2' =2))
={S [1 [172[22] 2-2] 2 [272[22] 2-2] 2 [172[2¢2] 2-2] 2]
S [2 [172[242] 2-2] 2 [272[242] 2-2] 2 [172[242] 2-2] 2]
S [1 [172[242] 2-2] 2 [272[242] 2-2] 2 [172 [242] 2-2] 2] S},
where S ='3<«0 [1-2[242] 2-2] 2 [272 [242] 2-2] 2 [172[22] 2-2] 2> 2'.
By Rule A5c with
c1=2,d;1=2,p1=1,q:=1,
[Av] = [172 [242] 2-2],
[B1142] = [142] = 7,
# = [272 [242] 2-2] 2 [172 [2¢2] 2-2] 2/,
#*) = ‘[242] 272,
we obtain
S=3«Sp 2 (initial part of Rule A5),
S1=2«Rp 2 [172[242] 2-2] 1 [272[242] 2-2] 2 [172[242] 2-2] 2/,
Ry =2 [172[242] 2-2] 1 [272[242] 2-2] 2 [172[242]2-2] 2 = 1 [242] 2~ 2,
since 2«Rp 2 =22 =2.
It would be rather tedious to go any further — we would deal with 2 <Ry 2’ next, and repeat Rule A5c
for
2¢0 [172[202]2-2] 1 [272[242]2-2] 2 [172[242]2-2] 2 = 1 [242] 22> 2.

Simply increasing the value of b to 3 and 4 gives
{3,3[1[1[143]2]2] 2} ={3 <0 [1[143]2] 2> 3}
={3 3333342 3> 342 3 I 3},
{3,4[1[1[143]2] 2] 2} ={3 <0 [1 [143] 2] 2> 4}
={3«4 4 &4 A4 o4 442y 4 4ey 4y 4 4},

We see the creation of a Nested Hyper-Nested Array Notation. The [1[1 [13] 2] 2] separator marks
the beginning of the second level of this notation, since the nesting separator [1 [143] 2] is the lowest
special hyperseparator to require two pairs of brackets per iteration of the R, function, and thus can
be regarded as a 2-nesting separator. The [1[1-3] 2] separator can be said to mark the beginning of
the first level of this notation, since the second lowest nesting separator [1-3] has a slightly different



rule to that of the lowest nesting separator (\). By this token, the separators [1\1\ 2], [1[1-1-2] 2]
and [1[1[1e1¢2] 2] 2] mark the midway points (or ‘half levels’) at levels 0, 1 and 2 respectively.

The 8(Q*"Q"QN(k-2)) level separator
{a, b [1[1[1ek] 2] 2] 2} ={a <0 [1 [1ek] 2] 2> b}
={a b Ry b> b},
where R,=‘b<b Rn.p b ek-1>b’,
R]_ =0.

The 8(Q*Q"Q"w) level separator

{a,b[1[1[161,2]12]2] 2} ={a<«0[1[141,2] 2] 2> b}

={a b <b <beb> b> b> b},

which bears similarities to

{a,b[1[171,2]12] 2} ={a 0 [171,2] 2> b}

= {a «b <b7b> b> b}
and {a,b[1\1,2]2}={a<«0\1, 2> b}
={a<b\ b b}.

The initial equation of Rule A5 is

‘@<0[A11] 1 [A12] ... L[Ayp] C1#1#o> b’ ="a S, #p b,
where each of the [A(]] are either normal separators (each - within at least 2 layers of square
brackets, each ¢ within at least 3 layers) or 1-hyperseparators (each ¢ within at least 2 layers of
square brackets), p; = 1, #; is the remainder of the angle bracket array that contains no 2- or higher
order hyperseparators (including bare = or ¢ signs, not ‘covered’ by any layers of square brackets)
and # is the remainder of the angle bracket array beginning with the first 2- or higher order
hyperseparator, or empty (null string) if there are no such hyperseparators. It is the [A; ;] separator
which we are concerned with next.

Nesting separators (triggers Rules A5b or A5c) include the backslash (\) and hyperseparators of the
form

[1[B1] 1[Bs] ... 1[Bg] d #4],
where each of the [Bj] are 2-hyperseparators (either - sign or of the form [XeY], where X and Y are
arrays), [Bg] is a nesting 2-hyperseparator (either - sign or of the form [1 ¢ k #*]), g2 1, d 2 2 and #*
is rest of array.

If [By4] above is of the form [XeY] instead, where X and Y are arrays other than the ‘1’ string (i.e.
X#“1and Y # 1), then

[1[B1] 1 [Bz] ... 1 [Bg] d #*]
would be a plugging separator and [Bg] a plugging 2-hyperseparator.

If [By4] above is of the form
[1e1[A]1[A]... 1 [A] k#¥]

instead, where each of the [Aj] are either normal or 1-hyperseparators and p 2 1, then
[1[B1] 1[B] ... 1[Bg] d #7]

would be a branching separator and [By] a branching 2-hyperseparator (investigated later).

If [A1p,] is & backslash (\), Rule A5b is executed. If [A; ] is any other nesting separator, A5c is
utilised. Rule A5c splits into two subrules — A5cl ([Bg] is - sign) and A5c2 ([Bg] = [1 ¢ k #**], other



nesting 2-hyperseparator). The latter subrule entails two pairs of brackets per iteration of the R,
function, with the ¢ symbol on a different nested level to the [Bj] 2-hyperseparators.

Rule A5cl is basically similar to the previous Rule A5c (the i-subscripts have been removed):
S=b<A» b[A]] b A b [Ay] ... b Ap1) b[Apa] b Ry b [Ap] c-1#,
Rn='b «B1» b [B1] b «<B2» b [By] ... b <By1» b [Bg-1]
b «A1» b [A1] b (A> b [Ag] ... b Ap1» b [Apa] bRy b [Ap] c-1#-d-1#7 (n>1),
R]_ =0.

Rule A5c2 ([Bg] = [1 ¢ k #*], where k 2 2 and #** is rest of array):
S=b<A» b[A]] b A b [Ay] ... b Ap1) b[Apa] b Ry b [Ap] c-1#,

Rn="b B1» b [B1] b «<By» b [By] ... b <Bg.1» b [Bga] b <Tr> b [Bg] d-1 #* (n>1),
Th="b A1) b[A1] b (A> b [Az] ... b <Apah D [Apa] b (Rpp b [Ap] c-1# ¢ k-1 #*  (n> 1),
R]_ =0.

In short, Rule A5c1 processes 1-nesting separators and A5c2 deals with 2-nesting separators.

Here are two examples of applications of Rule A5c2 to rather similar looking arrays. The second
example is the larger of the two.

Example 1.
N={a,b[1[1[1e4]2]1[1[1e3]d]c]2}
={a<0[1[1e4]2]1[1[1e3]d] o b},
with k=3,p=2,q=1, all #strings blank,
[Aa] = [1 [144] 2],
[A2] = [1[143] d],
[Ba] = [1¢3].
Since the string to the left of [1[1e4]2] is ‘b <0 [164] 2> b’ =D’ (as [1e4] is a 2-hyperseparator and
thus the beginning of an # string in the revised Rule A2), it follows that
N={a<b[1[1e4] 2] bRy b [1[1¢3]d]c-1> b},
where R,=‘b«b[1[1¢4]2]b<«Rnp> b[1[1¢3]d]c-142>b[13]d-1,
R]_ =0.

Example 2:
N={a,b[1[1[1e4]1[1e3]d]c] 2}
={a<0[1[144]1[1e3]1d] o b},
with k=3,p=1, q=2, all #-strings blank,
[Ad] =[1[1e4] 1[143] d],
[B1] = [14],
[Bo] = [143].
Since the string to the left of [1e4] is ‘b <0#4> b’ =‘b’ (as ¢ is a 3-hyperseparator and thus the
beginning of an #, string in the revised Rule A2), it follows that
N={a<«b{Rpy b[1[1e4]1[1e3]d]c-1)> b},
where R,=‘b[1#4]b<b <R b[1[1¢4] 1[1e3]d]c-1¢2>b[1e3]d-1,
R]_ =0.

Whena=3,b=3,c=2andd =2, the above two examples are

{3«3[1[104]12]33<3[1[144]2]3<3<3[1[144]2]3 ¢2>3>3 42 3>3 3}
and {333 [144] 3<3<3[144] 3 342> 3> 3 2> 3» 3» 3} respectively,
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and the separators [1[1[144]2]1[1[1e3]2] 2] and [1[1[1e4] 1 [1e3] 2] 2] have levels of
8(QMNQMON2+0QMOM)) and B(QMNQNQM2+Q)) respectively.

In a rather more complicated example,

N={4,3 [1 [1[1e5]2] 1 [1[3¢4] 1[1e4] 3] 6 [5¢2] 2] 2}

={4<0 [1[165]2] 1 [1[3¢44]1[144]3] 6 [5¢2] 2> 3}

would involve an application of Rule A5c2 with

a=4,b=3,c=6,d=3,k=4,p=2,q=2,

[A] = [1 [145] 2],

[A2] =1 [3¢44] 1 [14] 3],

[Ba] = [344],

[B2] = [144],

#o ='[562] 2"  (as it begins with a 2-hyperseparator),

#, #*, #** are null strings.
Since the string to the left of [1 [145] 2] is ‘30 [145] 2> 3’ = ‘3’ (as [145] is a 2-hyperseparator and
thus the beginning of an #, string in the revised Rule A2), it follows that

N={4 «S[5¢2] 2> 3},
where S='3 [1[145]2] 3Ry 3 [1[3¢4] 1[144]3] 5,

R3='32¢4> 3 [3¢4] 3T 3 [144] 2,

T3="3 [1[165]2] 3<Rx» 3 [1[344] 1[144] 3] 5 ¢3’,

R; =3 244> 3 [3¢4] 3T 3 [144] 2,

T, ="3 [1[145]2] 3 [1[3¢4] 1[144] 3] 5 ¢3,
since ‘3«Rp 3 =3« 3 =3
By Rule A6,

‘3¢244> 3 ='3[144] 3[164] 3[2¢4] 3[164] 3[144] 3 [244] 3[164] 3[144] 3,
since ‘3<0e4) 3 =3

(as ¢ is a 2-hyperseparator and the start of #, in the revised Rule A2).

Plugging separators (triggers Rule A5d) include hyperseparators of the form
[1[B1] 1[B] ... 1 [Bg] d #*], where [Bg] = [XeY], X#1", Y #1’,
where each of the [B]] are 2-hyperseparators, g 2 1, d 2 2 and #* is rest of array.

Rule A5d reads as follows (the i-subscripts have been removed as in Rules A5c1-2):
S="bA1» b[A] b A> b [Ag] ... b Apa» b [Apa] b (T b [Ap] c-1 #,
T="bB1» b [B1] b<By» b [By] ... b<By» b [Bg] d-1#*.

Branching separators (triggers Rule A5a) include hyperseparators of the form

[1[B1] 1[B2] ... 1 [Bgl 1 [Ad] 1 [Ag] ... 1 [A] k #7]
and [1[B1] 1[B] ... 1 [Bg] d #*], where [Bg] =[1 ¢ 1 [A1] 1[Az] ... 1 [Ap] k #*],
where each of the [B]] are 2-hyperseparators, each of the [A]] are either normal separators or
1-hyperseparators, p=1,q=1,d =2, k=2 and #* and #** are rest of their respective arrays. Rule
Aba also splits into two subrules — Abal (for 1-branching separators) and A5a2 (for 2-branching
separators). Note that i is initially set to 1.

Rule A5al ([Aip] = [1[Bi1] 1 [Bi2] ... 1 [Bigl 1 [Ai11] 1 [Aisr2] ... 1 [Aivspual Ciss #ieal,
where pi+1 2 1, g 2 1):
Si =D (Ai,ll) b [Ai,l] b (Ai'2'> b [Ai,z] ...b (Ai’p‘_1'> b [Ai,pi—l] b (Ti> b [Ai,pi] Ci-l #i’,
Ti =D <Bi,1,) b [Bi,l] b (Bi’2’> b [Bi,z] ...b <Bi,qi,> b [Bi'q‘] Si+1’.
Increment i by 1 and repeat Rules A5a-e.
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Rule A5a2 ([Aip] = [1 [Bi1] 1 [Bi2] .. 1 [Big] di #*],

where [Big] =[1 ¢ 1 [Aiv11] 1 [Airr2] o 1 [Aivrpid] Cirr #Hird]

and pi+1 21, g = 1):
Si='bA1» b[A] b <A b[A2] ... b Aipa> b [Aipa] b <Tp b[Aip] ci-1#/,
Ti="'bBj1> b[Bi1] b <Bi2» b [Bj2] ... b <b ¢ Six»> b [Bj o] di-1 #%/.

Increment i by 1 and repeat Rules Aba-e.

For example,
N={a,b[1[1[1¢1[1[1e1,2]2]2]2]2]2}
={a<«0[1[1e1[1[11,2] 2] 2] 2] 2> b}
would involve a double application of Rule A5a2 with
ci=2,d=2p=10q=1,
[Ara] =[1[B14] 2],
[Bra] =[1¢1[Az21] 2],
[Az21] = [1[B24] 2],
[B2,1] = [1 ¢ 1[A34] 2],
[As 1] =[1] (comma),
#o, #;, #* are null strings.
It follows that,
N ={a «Sp b},
where S;=b<Tpb),
Ti='b<b¢S» b,
S, ='b<Ty» b,
To=b<eSp»pb.
Putting this together gives,
N ={a<b b b ¢ b b beS3 b> b> by b> b}.
Finally, we finish by using Rule A5d (S3 =‘b (A31» b’ ='b 0> b’ =‘b’), which yields
N ={a b b b ¢ b b <beb> b> b> b> b» b}.

The lowest separator with more than one ¢ symbol,

{a,b[1[1[1e162]2]2] 2} ={a <0 [1[14142] 2] 2> b}

= {a b <Ry b» b},

where R,=bdhebR,p bbb,

R, =0
This is equivalent to the array N above in which are b-1 double layers instead of just two, or

{a,b[M[1[1e1[1[1e1[..[T[1e1[1[161,2]12]2]2]...12]2]2] 2] 2] 2}

(with 2b-1 square brackets and b-1 ¢ symbols, for b = 2)

and is a 8(Q*Q"Q"Q)-recursive function.

We now extend the separators to multiple diamonds on the same ‘nested level'.

[1[1[14162] 2] 2] has level 8(Q*Q Q" Q),

[1[1 [14162]2] 11 [14162] 2] 2] has level 8((Q*Q*Q"Q)2),

[1[2 [14142] 2] 2] has level 6(Q*\Q"Q Q)w),

[1[1\2[14162]2] 2] has level B((Q*Q"Q"Q)B(1)),

[1[1[1[16142] 2] 2 [14162] 2] 2] has level B((Q*Q Q"Q)B(QQQQ)),

[1[1[1[1[16142] 2] 2 [14162] 2] 2 [16142] 2] 2] has level
8((Q"Q"Q1Q)B((QQQ"Q)B(QQQQ))),

[1[1 -2 [16142] 2] 2] has level 8(QNQ QN Q+1)),
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[1[1-1-2[1¢142] 2] 2] has level B(QNQ QAQ+Q)),
[1[1-1-1-2[1e142]2] 2] has level 8(QNQ Q Q+Q2)),
[1[1[262] 2 [1412] 2] 2] has level B(QNQ A Q+Q w)),
[1[1[143] 2 [14142] 2] 2] has level BQNQQ Q+QAQ)),
[1[1[161,2] 2 [1¢142] 2] 2] has level B(QNQ Q Q+Q D w)),
[1[1[1¢142] 3] 2] has level 8(QA(Q"Q"Q)2)),
[1[1[1¢142] 1\2] 2] has level B(QN(Q*Q"Q)8(1))),
[1[1[1e142] 1[1[16142] 2] 2] 2] has level 8(QA(Q"Q"Q)B(QQQNQ))),
[1[1[16142] 11 [16142] 1[1[16142] 2] 2] 2] 2] has level

B(QN(Q QMNQ)B(QA(QAQQ)B(QAQMQN))))).

[1[1[1¢142] 1 - 2] 2] has level B(QQNQ Q+1)),
[1[1[1¢142] 1717 2] 2] has level B(QAQNQ Q+2)),
[1[1[16142] 1[2¢2] 2] 2] has level B(QQANQ Q+w)),
[1[1[1¢142] 1[143] 2] 2] has level B(Q QNQ Q+Q)),
[1[1[1¢142] 1[1¢1,2] 2] 2] has level B(QAQNQAQ+Q W),
[1[1[16142] 1 [16142] 2] 2] has level 8(QQA((Q*Q)2)),
[1[1[2¢142] 2] 2] has level 8(QAQA((Q*Q)w)),
[L[1[1\2 +162]2] 2] has level B(QQAN(Q*Q)B(1))),
[1[1[1[1 [14142] 2] 2 #142] 2] 2] has level B(Q*QAN(Q"Q)B(Q Q1 QQ))),
[L[L[L[L[1[1 [1¢142] 2] 2 ¢142] 2] 2 #142] 2] 2] has level
B(QMNN(QMQ)B(QAQA(QQ)B(QAQNQN))))).

[1[1[14242] 2] 2] has level 8(Q*Q QNQ+1)),

[1[1[1¢ 112 42] 2] 2] has level 8(Q"Q*QNQ+6(1))),

[1[1[1¢ 11 [14142] 2] 2 ¢2] 2] 2] has level B(Q Q" QNQ+B(QQNQNQ))),

[101 161116 1[1[14162] 2] 2 ¢2] 2] 2 #2] 2] 2] has level
B(QMNMQNQ+B(QANMNQ+(QMNQMNQ))))),

[1[1[14143] 2] 2] has level 8(Q*Q QNQ2)),

[1[1[1¢1¢ 112] 2] 2] has level B(QQ"QNQO(1))),

[1[1[1e1¢ 1[1[1612]2] 2] 2] 2] has level B(Q*QAQNQB(QQAQMQ))),

[1[1 1616 1[1 [1e1¢ 1 [1 [14162] 2] 2] 2] 2] 2] 2] has level
B(QAMNQB(QAQNONQB(QQNQND))))),

[1[1[1¢141¢2] 2] 2] has level B(QQ QQ2),

[1[1[1¢141¢3] 2] 2] has level B(Q Q QN(Q"2)2)),

[1[1 [1e1410142] 2] 2] has level 8(Q*QQMQN3),

[1[1 [1e141014142] 2] 2] has level B(QQ QNQN),

[1[1[1e141e...4142] 2] 2] (with n ¢ symbols) has level 8(Q*QQAQN(n-1)).

We next need a new symbol that follows the sequence: \ (backslash), = (negation sign), ¢ (black
diamond). It is taken to be ¥ (sun symbol) — the first 4-hyperseparator — and the second
3-hyperseparator in the series (after ¢) would be [23%2]. [1%£2] ‘drops down’ to 4, just as [142] ‘drops
down’ to = and [1-2] ‘drops down’ to \. The %t symbol requires a minimum of four pairs of square
brackets in order to allow usage in the ‘base layer’ of a main array (three pairs would make it a
1-hyperseparator, two a 2-hyperseparator and one a 3-hyperseparator).

Thus the array,

{a, b[1[1[1[25¢2] 2] 2] 2] 2} = {a <O [1 [1 [23:£2] 2] 2] 2> b}
={a b <b b 13¥2> b b> by b}
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={adbdbcbebebe..eb>b b b}
(with b b’s within innermost angle brackets).
This is a 8(Q*"Q"Q*Q w)-recursive function.

In general,
{a,b[1[1[1[n+1%$2]2]2]2]2} ={a <0 [1[1 [n+1 X£2] 2] 2] 2> b}
={a b <b <b n¥¥2> b> b> by b},
where ‘b 32> b’ = ‘b n-13t2> b [n¥X2] b n-13%2> b [n¥X2] ... [N¥X2] b n-132> b’
(with b ‘b «n-13¥2> b’ strings),
‘Debebe. .. eb (with b b’s),
‘.

‘b (13X2> b’
‘b «0Xt2> b’

[1 [1[1[25%2] 2] 2] 2] has level 8(Q'Q Q0 w),
[1 [1[1[25£2]2] 2] 1\2] has level B(QAQNQAQ w+1),

[1 [1[1[25%2]2] 2] 1 [1[1[25%2]2] 2] 2] has level 6((Q"Q"Q Q" w)2),

[1 [2[1[25%2] 2] 2] 2] has level 8(QQ QM w)w),

[1 [1\2[1[25%2] 2] 2] 2] has level B((Q*Q Q0 w)B(1)),

[1 [1[1[1[2x%2] 2] 2] 2 [1[28%2] 2] 2] 2] has level B((Q*QNQQ w)B(QAQ QN W)),
[1[1-2 [1[25%2]2] 2] 2] has level B(QNQ QN w+1)),

[1[1-1-2 [1[25%2] 2] 2] 2] has level BQNQ QO W+Q)),

[1[1[262] 2 [1[25%2] 2] 2] 2] has level BQNQ QA w+Qw)),

[1[1[143] 2 [1[25%2] 2] 2] 2] has level B(QNQQQ W+Q"Q)),

[1[1[1e142] 2 [1[25£2] 2] 2]2] has level B(QNQ QN W+QMQAQ)),

[1[1 [1[222] 2] 3] 2] has level 8(QAM(Q"QQ% w)2)),

[1[1 [1[25%2] 2] 1\2]2] has level B(QA(Q"Q Q" w)B(1))),

[1[1 [1[25¥2] 2] 1[1[1[252]2]2]2]2] has level B(QMN(Q QA0 NW)B(QAQNQAQ w))).

[1[1 [1[23¥2]2] 1-2]2] has level B(QMQNQ "Q Mw+1)),

[1[1 [1[23¥2]2] 1-1+-2]2] has level B(Q"QNQ Q" w+2)),

[1[1 [1[23%2] 2] 1[242]2]2] has level B(Q "QNQMQ w+w)),

[1[1 [1[23%2] 2] 1[143]2] 2] has level 8(Q"QNQ Q" w+Q)),

[1[1 [1[23x2]2] 1][14142] 2] 2] has level B(Q*"QNQ Q" w+Q"Q)),

[1[1 [1[23x2]2] 1 [1[2%£2] 2] 2] 2] has level B(QMNON(Q Q" w)2)),

[1[1 [2[23%2] 2] 2] 2] has level B(Q*QN(Q*Q M w)w)),

[1[1 [1\2[23£2] 2] 2] 2] has level B(QMQN(Q Q" w)B(1))),

[1[21 [1[1[1[23£2]2]2] 2 [23%2] 2] 2] 2] has level B(QMON(QMQ w)B(QMNQMMONW))),
[1[1 [142[2%£2] 2] 2] 2] has level B(Q"QMQMNQ Mw+1)),

[1[1 [1e162[23%2] 2] 2] 2] has level B(Q Q" NOQMNQ w+Q)),

[1[1 [1[23x2] 3] 2] 2] has level B(Q*"QM"QMN(Q w)2)),

[1[1 [2[23¥2]11\2] 2] 2] has level 8(Q*QMQMN(Q w)B(1))),

[1[1 [1[23¥2]1[1[1[23%2]2]2] 2] 2] 2] has level 8(Q*"QMNOMN(Q w)B(QMQNQNQ NwW))).

If [X] and [Y] are 3-hyperseparators (¢ or arrays separated by Xt symbols) such that [1 [1 [1 [X] 2] 2] 2]
and [1[1[1[Y]2]2]2] have levels of B(Q*Q"Q Q%) and B(Q*QMOQMOMB) respectively (where a = B),

then [1[1[1[X]1[Y]2]2]2] would have level 8(Q*Q"Q*"OQMNa+B)).
[1[1[1[25%2] 142] 2] 2] has level B(Q Q" "QMNONw+1)),

[1[1[1[25%2] 14142] 2] 2] has level B(Q QNN w+2)),
[1[1[1[25¥2] 1[25%2] 2] 2] 2] has level B(Q QAN W2)),
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[1[1[1[3%%2] 2] 2] 2] has level B(Q QM Q" w2),
[1[1[1[1,2%£2] 2] 2] 2] has level 8(Q*Q QO w W),
[T[1[1[1\23%2] 2] 2] 2] has level 8(Q*QMQMQMO(1)),
[1[1[1]1]1-3]23%£2] 2]2] 2] has level 8(Q*QQMQMB(Q)),
[1[1[1[1[1-1-2] 23x2] 2] 2] 2] has level 8(Q*"Q "Q "Q"NO(Q"Q)),
(11011101 1[13]2]2%x2]2]2]2] has level 8(Q*Q "Q "Q"O(Q"Q1Q)),
[T[1[1[1[1]1[2%£2] 2] 2] 2 %£2] 2] 2] 2] has level B(Q*"Q QMQMNE(QMQMNQMQD)),
[T[I[L[1[11[1\2%£2] 2] 2] 2 %£2] 2] 2] 2] has level B(Q QMQMQMO(QMNQMNQMNQMO(1))),
[T[I[L[I[I[I[1[1[2[1\23£2]2]2]2%¢£2]2] 2] 2%¢2] 2] 2] 2] has level

8(Q QMMM (QMOQNQMON(QMNQMOMNE(1)))).

[1[1[1[1%x3] 2] 2] 2] has level B(Q "QMQMQNMQ),

[1[1[1[1%x3] 1¢2] 2] 2] has level B8(Q*"Q QMQNQ+1)),

[1[1[1[1%x£3] 1[2%£2] 2] 2] 2] has level 8(Q Q" "QMQNQ+w)),

[101[1[133]1[1\23%2] 2] 2] 2] has level 8(Q*"Q "Q "QNQ+6(1))),

(101011331 1[11[11[1[1%3] 2] 2] 2 %£2] 2] 2] 2] has level
8(QrMQNQMONQ+B(QMONQMNONYY))),

[1[1[1[1%£3] 1[1%£3] 2] 2] 2] has level 6(Q Q" "Q"QNQ2)),

[11[1[1[2%£3] 2] 2] 2] has level B(Q QO MONQW)),

[1[1[1[1\23x3]2] 2] 2] has level 8(Q*"Q "QM"QNQO(1))),

(101011 1[1[1%3] 2] 2] 2 %£3] 2] 2] 2] has level 8(Q*"QQMQNQB(QMQMNQMNQOMNQDY))),

MMM [M3£3]12]2] 2331 2] 2] 2 3£3] 2] 2] 2] has level
8(Q QNQMNQB(QMQNQMONQB(QMNNQMNQMN)))).

[1[1[1[15£4] 2] 2] 2] has level B(Q QA QNQ2),
[1[1[1[1345] 2] 2] 2] has level B(Q Q" QAQANON3),
[1[1[1[1241,2] 2] 2] 2] has level B(Q Q" QO w),
[1[1[1[1%1\2]2]2]2] has level 8(Q*QQAQAQO(1)),
1011015111 [1343] 2] 21 2] 2] 2] 2] has level 8(QAQQAQMQNG(QAQMQNQNQY)),
MMM 112]2]2]2]2]2] 2] has level
8(QQ QNNN(QMNNQNQNNE(1))),
MMM SIS [135112]2]2]12]12]2]2]2]2]2] has level
8(QAQQAQMON(QAQNQANNG(QAQNONNNE(L)))),
[1[1[1[1%13%2]2]2]2] has level 8(Q*QQMMNQNQ).

Notice some similarities of the 8 separators above with the 8 below:

[1[1[144]2] 2] has level 8(Q*"Q"Q"2),

[1[1[15]2] 2] has level 6(Q"Q"Q"3),

[1[1[11,2] 2] 2] has level 8(Q*"Q"Q"w),

[MT[1[1e1\2]2]2] has level 6(Q*Q"Q"0(1)),

[1T[1[1e1[1[143]12]2]2] 2] has level 6(Q"Q"Q"(Q"Q"Q)),

MM e1[1[11\2]2]2]2]2] has level 8(Q*"QQ"0(Q"Q0Q16(1))),

MMM e1[1[1e1[1[161\2]2]2]2]2]2]2] has level
8(QMNQMQMB(QMNQMNNB(QMQMNME(1)))),

[1[1[1¢1e2]2]2] has level 8(Q*"Q Q"Q).

The creation of the first group of 8 separators mirrors the second group of 8, except that the #’s are

¥¥'s, the double nested square brackets become treble nested square brackets and the Q*Q"Q’s in
the 6 function become Q*"Q*Q*Q"Q’s. Another pattern we are spotting is that when X and Y are
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arrays such that [1 [1 [XeY] 2] 2] has level 8(Q*Q%a), then [1 [1 [1 [XXtY] 2] 2] 2] would have level
8(Q QMM ).

A 3-hyperseparator (e.g. ¢ symbol or [X3¥Y]) cannot be on the same ‘nested level’ as a
2-hyperseparator (e.g. -~ symbol, [XeY] or [W [X3X¥Y] Z]). A 4-hyperseparator (the lowest being the Xt
symbol) cannot be on the same ‘nested level’ as a 2- or 3-hyperseparator. But there are no
restrictions on the appearance of normal separators (0-hyperseparators) or 1-hyperseparators.
Suppose that k separators [X4], [X2], ... , [Xk], where each [Xj] is a pi-hyperseparator, appear on the
same ‘nested level’ somewhere within a giant normal separator [N], as in this example

[N] = [# [n1 [Xa] n2 [X2] ... [Xi] nk+1] #*1  (# and #* represent the remainder of N).
All of the p; can be either 0 or 1, but if any of the p; is greater than one, say p; = x > 1 for some
1 <r <Kk, then each of the p; can take one of only three values — 0, 1 and x — which would mean that
[n1 [X41] N2 [X2] ... [Xk] nk+1] would be an (x-1)-hyperseparator.

The 8(Q*"QMQMQMQ) level separator
{a, b[1[1[1[13£3]2]2]12]1 2} ={a <0 [1 [1[1¥£3] 2] 2] 2> b}
= {a kb Ry b» b},
where R, =‘b<b (b R,.1> b2 b b,
R, =0

For example,
(3,211 [1 13431 2] 2] 21 2 = {3 O [1 [1 [133] 2] 2] 2> 2}
={8322Q222 2222}
(3,311 [1[13%3] 2] 2] 21 2 = {3 O [1 [1 [13£3] 2] 2] 2> 3}
={3 B33 @B 3+«3 3% 3 3 312 3» 3 3» 3},
(3,411 [1[1353] 2] 21 21 2 = {3 O [1 [1 [13£3] 2] 2] 2> 4}
={83ddddddddddizDd A ndh a2 hH44).

The [1[1[1[13¢3] 2] 2] 2] separator marks the beginning of level 3 of my Nested Hyper-Nested
Array Notation, justas [1[173]2] and [1[1[1e3] 2] 2] mark the beginning of levels 1 and 2
respectively. The nesting separator [1 [1 [13£3] 2] 2] is the lowest special hyperseparator to require
three pairs of brackets per iteration of the R,, function, and thus can be regarded as a 3-nesting
separator.

The 6(Q*QMQMOQMON(K-2)) level separator
{a, b[1[1[1[13%¢k] 2] 2] 2] 2} = {a <0 [1 [1 [13X¥k] 2] 2] 2> b}
={a b Ry b> b},
where R, =‘b«b b Rp.p» b Itk-1> by b’,
R]_ =0.

The 6(Q*"Q QMM w) level separator
{a, b[1[1[1[1%61,2]12]1 2] 2] 2} ={a <0 [1 [1 [1%1,2] 2] 2] 2> b}
={a b b b b¥th> b> b> b> b}.

We now consider the various scenarios for the [A, ] separator in the initial equation of Rule A5,

which reads:
‘a0 [Al,l] 1 [Al,Z] 1 [Al,pl] Cci#t1#gr b =‘a«S; #p b,
where each of the [A1]] are either normal separators or 1-hyperseparators.
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Nesting separators (Rules A5b or A5c) include the backslash (\) and hyperseparators of the form
[1[B1] 1[B2] ... 1 [Bgl d #1,
where each of the [Bj] are 2-hyperseparators, with [B] being a nesting 2-hyperseparator, which
includes the - sign and 2-hyperseparators of the form
[1[Ci] 1[Cr] ... 1[C{] e #*],
where each of the [C]] are 3-hyperseparators (either ¢ symbol or of the form [X3tY], where X and Y
are arrays), with [C;] being a nesting 3-hyperseparator, which includes the ¢ symbol and
3-hyperseparators of the form
[1 £t k #*4],

whereq21,rz1,d=2,e22 k=2 and#*, #* and #** are rest of their respective arrays.

If [A1p,] is & backslash (\), Rule A5b is executed. If [A; ] is any other nesting separator, A5c is
processed. Rule A5c now has three subrules. (The i-subscripts have been removed.)

Rule A5cl ([Ap] =[1[B1] 1 [B7] ... 1 [Bg1] 1 = d #*],
whereq=1,d 2 2):
S =D A1» b [A1] b (A» b [Ag] ... b Ay b [Apa] b Ry b [Ap] c-1 #,
Rn=‘b B1» b [B1] b «By» b [By] ... b <Bg-1» b [Bg.1]
b «A1» b [A] b <A»> b[A7] ... b Ap1» B [Apa] b<Ryp b[Ap] c-1#-d-1#" (n>1),
R]_ =0.

Rule A5¢c2 ([Ap] = [1[B1] 1 [B7] ... 1 [By] d #*],
where [Bg] =[1[Cq] 1[C)] ... L[Cra] 1 ¢ € #]
andgq=1,rz21,d=22,e22):
S =D A1» b [A1] b <A» b[A7] ... b Ap1» b [Apa] b (Rp b [Ap] c-1 #,
Rn=‘b «B1» b [B1] b «<B2» b [By] ... b <Bg.1» b [Bg1] b <Tr> b [Bg] d-1 #” (n>1),
Th="b<C1» b[Cb<Cy»b[Cy]...b<«C1» b [Ci4]
b <A» b [A] b A> B[AY] ... b Ap1» B [Apa] bRy b[Ap]c-1#ee-1#" (n>1),
R]_ =0.

Rule A5c3 ([Ap] = [1[B1] 1 [B] ... 1 [By] d #*],
where [Bg] =[1[C4] 1[C;] ... 1[C/] e #*],
where [C/] =[1 %t k #*%]
andg=1,r=21,d=22,e=22,k=2):
S =D A1» b [A1] b <A» b [Ag] ... b (Apa> b [Apa] b (R b [Ap] c-1 #,

Rn =D «B1» b [B1] b «<By» b [By] ... b (Bg.1» b [Bg.1] b «<Tw b [Bg] d-1 #* (n>1),
Th="b<C1» b[C]b<Cy» b [Cy]...b<«Cr1» b [Ciq] b<Up b [C] e-1#** (n>1),
Un="b «A1» b [A1] b (A» b [Ag] ... b <(Ap.1» b [Apa] b «(Rpp b [Ap] c-1 # 3t k-1 #** (n > 1),
R]_ =0.

In a nutshell, subrule n of Rule A5c processes n-nesting separators.

Plugging separators (Rule A5d) include hyperseparators of the form
[1[Ba] 1[B2] ... 1 [Bg] d #7],

where [Bg] = [X[Cq] Y], X#1, Y #1,

in one set, and those of the form
[1[Ba] 1[B2] ... 1[Bg] d #7],

where [Bg] =[1[C4]1[C5]...1[C{] e#],

where [C,] =[XXXY], X#1", Y#'1,
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in another set. In both sets, each of the [Bj] are 2-hyperseparators, each of the [C|] are
3-hyperseparators (where [C4] is the first 3-hyperseparator in the ‘base layer’ of [By]), X and Y are
strings (X does not contain any 2- or higher order hyperseparators in its ‘base layer’, whereas Y may
containsome), gz 1,r21,d 22, e 22 and #* and #** are rest of their respective arrays.

Rule A5d splits into two subrules — A5d1 for the first set (2-plugging separators) and A5d2 for the
latter (3-plugging separators). (The i-subscripts have been removed as in Rules A5c1-3.)

Rule A5d1 ([Ap] = [1[B1] 1 [B2] ... 1 [Bg] d #*],

where [Bg] =[X[Ci] Y], X#1", Y#T

andg=1,d=z2):
S=b<A» b [A] b A b[Ay] ... b Ap1> b [Apa] b < b[Ap] c-1#,
T="bB1»b[B1] b B> b [By]...b<By> b [Bg] d-1#*.

Rule A5d2 ([Ap] =[1[B1] 1 [B2] ... 1 [Bg] d #*],

where [Bg] =[1[Cq] 1[C)] ... 1[C] e #*],

where [C/]=[XXXY], X#1", Y#'1'

andgq=1,rz21,d=22,e22):
S ="' A» b [A1] b <A» b[Ag] ... b <Apa» b [Apa] b «T> b [Ap] c-1 #,
T="b«B1> b [B1] b B> b[By] ... b «Bg1» b [Bg.a] b <U> b [Bg] d-1 #,
U=b<«Ci»b[Ci]b<Cy>b[C;]..b<C/) b[C]e-1#**.

Branching separators (Rule A5a) now come in three sets. The first set contains hyperseparators of
the form
[1[B1] 1[Bo] ... 1 [Bq]l 1 [A1] 1 [Az] ... 1 [Ap] k #*].
The second set comprises hyperseparators of the form
[1[Ba] 1[B2] ... 1[Bg] d#1],
where [Bg] =[1[Cq] 1[C)] ... L[Ci] 1 [A1] 1[AS] ... L[Ap] kK #].
The third set comprises hyperseparators of the form
[1[Ba] 1[B2] ... 1[Bg] d#],
where [Bg] =[1[Cq] 1[C)] ... 1[C] e #*],
where [C/]=[1%f1[A1]1[Az] ... 1[A] k #*].
In all three sets, each of the [A] are either normal separators or 1-hyperseparators, each of the [Bj]
are 2-hyperseparators, each of the [C]] are 3-hyperseparators,p21,qg21,rz1,d22,e22,k22
and #*, #** and #*** are rest of their respective arrays.

Rule A5a now has three subrules, with subrule n for n-branching separators (nth set of the three
shown above). Note that i is initially set to 1.

Rule ASal ([Aip] = [1 [Bia] 1 [Bia] ... 1 [Bigl L [Ais1a] 1 [Aur2] - 1 [Aivtpua] Gt Hieal,
where pi+1 21, gi 2 1):
Si="'b Ai1» b[A1] b <Aio> b[Ai2] ... b (Aip1> b [Apa] b <Tp b[Aip] ci-1 #/,
Ti =D <Bi,1,) b [Bi,l] b (Bi’2’> b [Bi,z] ...b <Bi,qi,> b [Bi'q‘] Si+1’.
Increment i by 1 and repeat Rules A5a-e.
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Rule A5a2 ([Aip] =[1[Bi1] 1 [Bi2] ... 1 [Bigq] di #%],

where [Big] =[1[Ci1] 1 [Ci2] ... 1 [Cir] 1 [Ais11] 1 [Ai2] - 1 [Aisa pia] Civ1 #isa]

andpi:121,q21,r21):
Si='bA1» b[A] b <A b[A2] ... b Aipa> b [Aipa] b <Tp b[Aip] ci-1#/,
T;="b Bj1> b [Bj1] b «Bij2» b [Bi2] ... b <Bjg.1> b [Bjg.1] b <Up b [Biq] di-1 #*,
Ui=D<Ci1» b [Ci1] b<Ci2» b[Cis] ... b<Ci:)> b[Ci] Si+1’.

Increment i by 1 and repeat Rules A5a-e.

Rule A5a3 ([Ai,pi] = [1 [Bi,l] 1 [Bi,z] 1 [Bi,q\] di #*i],
where [Bigq] =[1[Cia] 1 [Ci2] ... 1 [Cix] & #*%],
where [Cig] =[1 5% 1 [Aig1] 1 [Aua2] - 1 [Aispd] Cira #isd]
andpi:121,q21,r21):
Si='bA1» b[A] b <A b[A2] ... b Aipa> b [Aipa] b <Tp b[Aip] ci-1#/,
T;="b Bj1> b [Bj1] b «Bij2» b [Bi2] ... b <Bjg.1> b [Bjg.1] b <Up b [Biq] di-1 #*,
Ui =D <Ci,1,) b [Ci,l] b (Ci,Z,) b [Ci,Z] ..b<d {:5’ Si+1) b [Ci,ri] ei-l #**i’.
Increment i by 1 and repeat Rules A5a-e.

We now extend the separators to multiple sun symbols on the same ‘nested level'.

[1 [1[1[1212%2] 2] 2] 2] has level 8(Q*QQMNQNQMQ),

[1 1111121221 2] 2] 1 [1[1 [13613%2] 2] 2] 2] has level 8((Q"QAQAQMNQMQ)2),

[1 [2[1 [1512£2] 2] 2] 2] has level 8((Q"QQ QN Q)w),

[1[1\2 [1 [15152] 2] 2] 2] has level 8((Q*QAQ QA NQ)B(1)),

[1[1[1[1 [15613%2] 21 21 2 [1 [13415%2] 2] 2] 2] has level
8((Q"QNQAQNQNQ)B(QNQNQNONNQY)),

[1[1-2 [1[13413%2] 2] 2] 2] has level 8(QNQQAQMNQNQ + 1)),

[L[1-1-2 [1[1513%2] 2] 2] 2] has level BQNQQMNMNNQ + Q)),

[L[1 [13] 2 [1[13¢13%2] 2] 2]2] has level B(QNQ QMO + Q7Q)),

[1[1 [1e142] 2 [1[13%13%2] 2] 2] 2] has level B(QNQ QOO + QAQMQ)),
[L[1 [1[123] 2] 2 [1[1¥$1552] 2] 2] 2] has level B(QNQ QMMM + QAQMQMQ)),

[L[1 [1 [152122] 2] 3] 2] has level 8(QA((Q*QAQ"QQ)2)),

[1[1 [1 [15122] 2] 112] 2] has level 8(QN(Q QAQQMQ)B(1))),

[1[1 [1 15613621 2] 1 [1 [1 [13613%2] 2] 2] 2] 2] has level
B(QAN(QQQQMQ)B(QMQNQNNNQ))).

[1[1 [1[12122] 2] 1-2]2] has level 8(QQNQAQNQNQ + 1)),
[1[1 [1[126122] 2] 1 [143] 2] 2] has level 8(Q*QNQMNMQMQ + Q)),
[1[1 [1[126132] 2] 1 [1e12] 2] 2] has level B(QQNQAQMQNQ + QMQ)),

[1[1 [1 [1561552] 2] 1 [1[13%3] 2] 2]12] has level 8(QAQNQAQMQNQ + QAQQ)),
[1[1 [ [151262] 2] 1 [1 [132122] 2] 2] 2] has level 8(QQN(QAQQQ)2)),

[1[1 [2[12612%2] 2] 2] 2] has level 8(QAQA((QAQAQNQ)wW)),

[1[1[1\2 [151552] 2] 2] 2] has level B(QMQN(QAQQMQ)O(1))),

[ [121352] 2] 2] 2 [13+1352] 2] 2] 2] has level
B(QMNN(QMQQMQ)B(QMQNQNNNQY))),

[1[1[1 ¢2 [12613%2] 2] 2] 2] has level 8(QAQQNQMQMQ + 1)),

[1[1[1 162 [12£1352] 2] 2] 2] has level B(QAQNQNQMNQNQ + Q)),

[1[1[1 [1533] 2 [13£1342] 2] 2] 2] has level B(QAQNQNQMQN + Q7Q)),

[1[1[1 [1212%2] 3] 2] 2] has level 8(QAQAQN(QAQMQ)2)),

[1[1[1 [1£41252] 112] 2] 2] has level 8(QQMQA(QQAQ)8(1))),
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[1[1[1 [151262] 1[4 [1 [18$1342] 2] 2] 2] 2] 2] has level
B(QAQMON(QMQQ)B(QMQNQNQNNQ))).

[1[1[1 [1£41252] 1 ¢2]2]2] has level B(QMQAQMQNQONQ + 1)),

[1[1[1 [1£1282] 1 [12£3] 2] 2] 2] has level 8(QAQAQMNNQNMQ + Q)),

(111 [151282] 1 [12613%2] 2] 2] 2] has level B(QAQAQMNAN(QMQ)2)),

[1[1[1 [284122] 2] 2] 2] has level 8(QAQMNQAQN(QAQ)W)),

[L[L[1 [1\23¥1552] 2] 2] 2] has level 8(QAQAQAQA(QAQ)B(1))),

(1 [1[1 [ [1261352] 2] 2] 2 £613%2] 2] 2] 2] has level
B(QAQAQMA(QAQ)B(QMQANQNQNNY))),

[1[1[1 [155252] 2] 2] 2] has level 8(QAQMQAQMNNQ+1)),

[1[1[1 [15%1\23%2] 2]2]2] has level B(QAQQMNMQNQ+(1))),

(111 (1511 [1 [1341552] 2] 2] 2 £42] 2] 2] 2] has level
B(QAQAQNNNQ+E(QAQNQANONQ))),

[1[1[1 [15£123] 2] 2] 2] has level 8(QAQMQAQMNQ2)),

(111 [1£1281\2] 2] 2] 2] has level 8(QAQAQAQMNQB(1))),

[1[1[1 (1361281 [1[1 [13%122] 2] 2] 2] 2] 2] 2] has level
B(QAQMQNANNQB(QAQNQNQNON))),

[1[1[1 [112613%2] 2] 2] 2] has level B(QAQAQMQAQAQND),

[1[1 [1 [121261351852] 2] 2] 2] has level 8(QAQAQAQNQNNS),

[1[1 [1 [1E235. £41262] 2] 2] 2] (with n 3% symbols) has level 8(QAQAQAQMNQMNA(N-1)).

At this stage we need to create a generalised n-hyperseparator symbol, which is represented in this
paper by a backslash with a subscript (\,). The \; symbol is the backslash with the 1 omitted, \,
represents the - symbol, \5 is the ¢ symbol and \4 represents the ¥ symbol. The second
4-hyperseparator in the series (after \4 or £t) would be [2 \5 2]. In general, the first two
n-hyperseparators are \, and [2 \+1 2], since [1 \, 2] ‘drops down’ to \,.; (in fact, we can even write the
€o level separator [1\ 2] as \p). The \, symbol requires a minimum of n pairs of square brackets
enclosing it in order to allow usage in the ‘base layer’ of a main array; \, enclosed by m pairs of
square brackets is an (n-m)-hyperseparator (when n > m) and a normal separator (or
0-hyperseparator) otherwise.

Using the backslash subscript system, the most salient separators introduced so far are:
[1] has level O,
[2] has level 1,
[1, 2] has level w,
[1[2] 2] has level w*w,
[1[1, 2] 2] has level w*w*w,
[1\2] haslevel 8(1) = ¢,
[L[2\V2] 2\ 2] has level 8(1)2 = €42,
[1\3] haslevel 8(1, 1) = ¢4,
[1\4] haslevel 8(1, 2) = ¢y,
[1\1, 2] has level B(1, w) = €,
[LV1[1\2]2] haslevel B(1, 6(1)) = &(go),
[L\V1\2] has level 6(2) = o,
[LV1\V1\2] has level 6(3) = ¢(3, 0),
[1[2\2 2] 2] has level B(w) = ¢(w, 0),
[L[2\V2\; 2] 2] has level 8(B(1)) = (g0, 0),
[1[1\23]2] haslevel 6(Q) =T,
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[1[1\,4]2] has level 8(Q"2),

[1[1\>1, 2] 2] has level B8(Q"w) (small Veblen ordinal),
[1[1\,1\2]2] has level 6(Q"6(1)),
[1[1\, 1\, 2]2] has level 6(Q"Q) (large Veblen ordinal),

[L[1\21\,1\, 2] 2] has level 6(Q*Q"2),

[1[1[2\32] 2] 2] has level 6(Q"Q w),
[L[1[1\V2\32]2]2] has level 8(Q*"Q"8(1)),
[L[1[1\33]2] 2] haslevel 8(Q*Q"Q),

[1[1[1\:4] 2] 2] has level 6(Q*"Q"Q12),

[L[1[1\31, 2] 2] 2] has level 6(Q*"Q Q" w),
[L[1[1\31\2]2]2] has level 8(Q*"Q"QMB(1)),
[1[1[1\31\32] 2] 2] has level 8(Q*"Q"Q Q),
[L[1[1\31\31\32]2]2] has level 8(Q*"Q"QMNQN2),
[L[1[1[2\42]2]2]2] has level B(Q*Q QMO w),
[L[1[1[1\2\42]2]2]2] has level B(Q*QM"Q*QMO(1)),
[L[1[1]1\43]12]2]2] has level B(Q"Q"QM"QMNQ),
[L[1[1[1\44]2]2]2] has level 8(Q*QMNQA"Q NQN2),
[L[1[1[1\41,2]2]2]2] haslevel 6(Q*"Q"QMQMONw),
[L]2[1[2\41\2]2]2]2] has level 8(Q*"QMNQMQMNMNB(D)),
[L[1[1[1\41\42]2]2]2] has level 8(Q*QNQMQMQMNQ),
[L[1[1[1\s1\1\42]2]2]2] has level 8(QMQMNQAQNONON2).

Continuing beyond this, we would find that:
[L[1[1[2[2\52] 2] 2] 2] 2] has level B(Q*"Q QMMM W),
[L[1[1]1[1\2\s2]2]2]2]2] has level 8(Q*"QMQAQMQMNQMO(1)),
[L[1[1[2[1\53]2]2]2]2] has level B(QM7),
[L[1[1[2[1\s2\s52]2]2]2]2] has level B(Q 8),
[L[1[2]1[1[1\3]2]2]2]2]2] has level B6(Q*9),
[L[2[1[2[1[2\61V2]2]2]2]2]2] has level 8(Q*10).

The sequence of separators starting with the last four has limit ordinal
B(eq+1) = B(QMw) = B(QMQMON..) (with w Q’s),

which is the Bachmann-Howard ordinal. The ‘+1’ is due to the fact that Q = €q and €q+1 = €™M Ww.

It can be seen that each additional nested layer of the separator (and increment of the backslash
subscript) increases the height of the Q power tower (within the 8 function) by two, with the
(n-1)-separator [1 \, 1 \, 2] being a halfway house (in hyperlog to base Q terms) between [1 \, 3] and
[1[1\+13]2].

In general, with n layers of square brackets (n = 2),

[A[2[...[2[1\,3]12]...12]2] has level 8(Q*\(2n-3)),

[L[2[.-[2[2\W21\2]2]...12] 2] has level B(Q"(2n-2)).
The first of these two separators marks the beginning of level n-1 of my Nested Hyper-Nested Array
Notation, while the second separator marks the midway point between levels n-1 and n.

The nesting separator

[1[1..[21[1\3]2]...2] 2] (with k-1 layers of brackets, k = 2)
is the lowest special hyperseparator that is a (k-1)-nesting separator — one that requires k-1 pairs of
brackets per iteration of the R,, function.
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For k = 2, with k layers of square brackets,
{a,b[1[2]..[2[n+1\#]2]..12]2]2}={a<0[1[...[1[n+1\#] 2]...]12] 2> b}
={a<bc...<bn\c#H b ...» b b b},
where ‘bn\yH B =bn-1\Hbn\c#Hbn-1\Hbn\#..[n\«#Hbwmn-1\Hb
(with b ‘b «<n-1 \y # b’ strings),
bAWHDE =bNWi1bW%ib\i..\ b (withbb’s),
b0\ b ="D.

For k =2, m = 3, with k layers of square brackets,
{a,b[l[2]..[2[1\«m]2]..12]2]2}={@a<0[1[...[2[1\«m]2]...]12]2> b}
={a b <Ry b» b},
where Ry=‘b<bc...<bb R pb\m-Lb>..>b  (with k-1 layers of angle brackets),
Ry ="0.

If kK = 2, the above would be
{a,b[1[1\; m]2]2}={a<0[1\, m]2 b}
= {a b Ry b> b},
where R,='b «Rp.0> b\, m-1’,
R, =0

For generalised Nested Hyper-Nested Arrays where the number of levels has limit ordinal w, an extra
(middle) subscript has been introduced to the separator arrays in Rule A5 so that the A+, B+, C; - etc.
strings are written as A i+, A2+ Aiz+ €tc. The first subscript (i) of A;;;» denotes the ith branch, while
the second subscript (j) denotes the jth layer of the [A; 1 ,] separator, where each of the [A;;#] is a
j-hyperseparator (can be a nhormal separator when j = 1).

Angle Bracket Rule A5 is modified as follows:-

Rule A5 (Rules A1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (c11)
is [A1,1,p.4]):

‘@0 A1) 1[AL12] . 1 [AL1pa] Cra #rL1 # O D ="a Sy 1 #5 D',
where p11 2 1, each of [A; 1+] is either normal separator or 1-hyperseparator, #; 1 contains no 2- or
higher order hyperseparators in its base layer and #* is either an empty string or begins with a 2- or
higher order hyperseparator.
Set i =1 and follow Rules Aba-e (b-e are terminal, a is not).

Rule A5a (separator

[Aijpid = [1[Aijr1a] 1 [Aijrr2] - 1 [Aijeapiad Cijer #ijeal (I=j<k)
= [1 [Aijrra] 1T [A+12] - 1 [Aijrrpijeal
1[Air1,1,1] 1 [Airr1,2] - 1 [Ais11,puaa] Civg1 Hir 1l (4=K),

where piji1 2 1, pir11 2 1, Cipp1 2 2, each of [Aiy1,1,#] is either a normal separator or 1-hyperseparator,
and each of [A;j+1,+] is a (j+1)-hyperseparator):
Si,j =D <Ai,j,1’) b [Ai,j,l] b (Au‘yz’) b [Ai,j,z] ...b (Ai,j,pi,j-].,) b [Ai,j,pi,j—l]
b (Si,j+1> b [Ai,j,pi,j] Ciyj-l #i,j’ (1=j<k+l)
=D «Aij1> b[Aij1] b Aij2» b [Aj2] ... b Aijp,> b [Aijp] Siv1,1 ( = k+1).
Increment i by 1 and repeat Rules A5a-e.
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Rule A5b (separator [Aj1p.] =[1\2 2] =V):

Si1 =Ry,
Rn="0«Ai11> b[Ai11] b <Ai125 B [Ai12] ... b <Aj1p1> b [A1p-1]

bRy b\ cii-1#, (n>1),
R]_ =0.

Rule A5c (Rules A5a-b do not apply, separator
[Aijpid = [L[Air1a] LA 2] - 1 [Aje1pea] Cijea #ijeal (1=j<k)
=[1\j11 2] =)\ (=K,
where p;j+1 2 1, Cjj+1 2 2 and each of [A;j+1+] is a (j+1)-hyperseparator):
Sii =D Ai11> b[A11] b Ai125 B[Ai12] ... D A1 ;1> b [A 1]
b Rp» b [Ai1p.]Cia-1#i,
Rnj =D Ajjr11> b [Ajjr1,1] b Ajjrr2D b [Aijir2] ...
b <Aijr1pija1? B [Aijr1pija-1] 0 <Rnjan> b [Aijaapijea] Cijer-1 #ijua (n>1,1<j<k1)
=D Aijr11D B [Aijr1a] b Aijr1 2> b [Aijir2] - B Aijerpiza- B [Aijer il
b Ai11> b[A11] b A1 D[A12] ... b A1 piad b [A 1]
b «Rn1,0 b [Ai1pa] Cia-1 #ig \jer Cijer-1 #Hijua (n>1,j=k1),
R]_’]_ =0

Rule A5d (Rules Aba-c do not apply, separator
[Aijpid = [T [Air1a] LA 2] - 1 [Aije1pe] Cijea #ijeal (1=j<k)
= [X[Aij1,] Y], X#, Y#T (=k=2),
where pjj+1 2 1, Cjj+1 2 2, each of [Ajj+1,+] is a (j+1)-hyperseparator and X does not contain any 2- or
higher order hyperseparators in its ‘base layer’):
Si,j =D (Ai’j’l,) b [Ai,j,l] b (Ai,j,2,) b [Ai,j,z] ...b (Ai,j,pi,j-l’) b [Ai,j,pi,j-l]
b (Si']q.l) b [Ai,j,pi,j] Ci’j-l #i,j, 1=<j<Kk)
=D (Ai,j,l’) b [Ai,j,l] b (Ai,j,Z,) b [Ai,j,Z] ...b (Ai,j,pid,) b [Ai,j,pi,j] Ci’j-l #i,j’ (J = k)

Rule A5e (Rules Aba-d do not apply):
Si1=D A 11> b[A11] b Ai12> D[A12] ... b Aj1p,> b [Ai1p.] Ci-1#1

Rules A5a, A5c and A5d process k-branching, (k-1)-nesting and k-plugging separators respectively
(for a given value of k). These rules can be simplified by considering each individual layer separately
(as well as each individual branch), and iterating j in the same manner as i. The possible base-layer
scenarios of the [Aj 5] separator fall into five sets or categories (each to be served by different
subrules), these are as follows:-

Setl: [1\;,2]=\ (G=12).

Set 2: [1\j41 2] =\ (4= 2).

Set 3: [1[Aijr1a] L [Aijrr2] - L [Arrpipad L [Aie1,01] 1 [Airr12] - 1 [Ai1,piaa] Civra #ieral-

Set4: [1[Aijr1,1] 1 [Aijs1,2] - L [Aijeapipea] Cijier #ijaa]-

Set 5: All other scenarios.
In Sets 3 and 4, pij+1 2 1, each of [Ajj+1,+] is a (j+1)-hyperseparator and the # strings represent the rest
of the separator array (which may be null strings). Additionally, in Set 3, pi+11 2 1, Civ11 2 2, and each
of [Ai+1,1,#] is either a normal separator or 1-hyperseparator; in Set 4, Cjj+1 2 2.

Set 1 covers 1-nesting separators (trivial case), Set 2 covers the top layers of nesting separators
(other than Set 1), Set 3 covers the top layers of branching separators, Set 4 covers the lower layers
of all three types of special separators and Set 5 covers all other (or non-special) separators
(including the top layers of plugging separators).
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The modified and complete Angle Bracket Rules — including the revised subrules of Rule A5 — are as
follows:-

Rule Al (only 1 entry of either 0 or 1):
‘ad b =a,
‘ahbb ="a,a ..,a (withba's).

Rule A2 (only 1 entry of either 0 or 1 prior to 2-hyperseparator or higher order hyperseparator):
‘a0 b ="a,
adh b ="a[l#la[l#..[1#a (with b a’s),

where # begins with a 2- or higher order hyperseparator.

Whenn = 2,
ad\w2b=a\iia\1...\nn @ (with b a’s).

Rule A3 (last entry in any 1-space or higher dimensional space of array is 1):
adt[Albb ="adhbb.
When [A] is an m-hyperseparator, [B] is an n-hyperseparator and m < n, or m = n and level of [A] is
less than level of [B],
‘adt[Al1[B]#5 b’ ="a#[B]#5 b
Remove trailing 1’s.

Rule A4 (number to right of angle brackets is 1):
‘add 1" ="a.

Rule A5 (Rules A1-4 do not apply, first entry is 0, separator immediately prior to next non-1 entry (cy 1)
is [A1,1,p.4]):

‘@«0[A111] L[A112] . L[Arapa] CrLa#ra # > b ="a S #5 b,
where p;1 2 1, each of [A; 1+] is either normal separator or 1-hyperseparator, #; ; contains no 2- or
higher order hyperseparators in its base layer and #* is either an empty string or begins with a 2- or
higher order hyperseparator.
Seti=1andj=1, and follow Rules A5a-e (a, b and e are terminal, ¢ and d are not).

Rule A5a (separator [Aj1p.] =[1\2 2] =Y):

Si1='Ry,
Rn="0«Ai11> b[Ai11] b Ai125 b [Ai12] ... b <A1p;1D B [A1p 1]

b{Rnp b\ cii-1#, (n>1),
R]_ =0.

Rule A5b (Rule A5a does not apply, separator [Ajjp,] = [1\j+1 2] =\;, where j 2 2):
Sij = Rpj1,
Rn,j—l = ‘b (Aiijly) b [Ai,j,l] b <Ai,j,2’) b [Ai'jyg] ...b (Ai,j,p.,rl') b [Ai,j,pl‘rl]
b A1 b[A1L1] b Ai12> b[A12] ... D Aigpi1 b [A1p,-1]
b Rn.1,0 b[Ai1pad Cia-1 #1 \j CifL#) (n>1),
Rnk =D Aike1,1> b [Aike1,1] b Aike1,27 B [Aige1,2] ...
b <Aik+1 pier-1? B [Aiket pises-t] B (Rnje> b [Aikst pigeed] Cike1-1 #iger’ (01> 1, 1<k <j-1),
Ry11=10.
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Rule A5c (Rules A5a-b do not apply, separator

[Aijpid = [T [Aijera] T[A 2] o 1 [Arrpd 1 [Aw1,01] T [A112] 0 1 [Aie1,1p01a] Civn1 H#irral,
where pij+1 2 1, pis11 2 1, Cis,1 2 2, €ach of [Aiq,14] is either a normal separator or 1-hyperseparator,
and each of [A;j.14] is a (j+1)-hyperseparator):

Si’j = ‘b (Ai’jvly) b [Ai,j,l] b <Ai,j,2,) b [Ai,j,Z] b (Ai,j,pi,j-l,) b [Ai,j,pi,j—l] b (Ti) b [Ai,j,pi,j] Ci’j-l #i,j,a

Ti="D Aijr1,1> b [Aijr1,1] b <Aijr125 b [Aijir2] oo b Aijrr s B [Aijerpija] Sivra’-
Increment i by 1, resetj = 1, and repeat Rules Aba-e.

Rule A5d (Rules A5a-c do not apply, separator

[Aijpi] = [L A1l LA j12] o 1 [Aije1pe] Cijer #ijrals
where pij+1 2 1, Cij+1 2 2 and each of [Aj+1,+] is a (j+1)-hyperseparator):

Si,j = ‘b (Ai’jvly) b [Ai,j,l] b (Ai,j,Z,) b [Ai,j,z] b (Ai,j,pi,j-l,) b [Ai,j,pi,j-l] b <Si,j+l) b [Ai,j,pi,j] Ci’j-l #i,j,-
Increment j by 1 and repeat Rules A5a-e.

Rule A5e (Rules A5a-d do not apply):
Si,j =D (Ai’j’l,) b [Ai,j,l] b (Ai,j,2,) b [Ai,j,z] ...b (Ai,j,pi,j,) b [Ai,j,pi,j] Ci'j-l #i,j,-

Rule A6 (Rules A1-5 do not apply):
amb b ="amn-1Hbn#lam-1bbn#H ... [n#lamn-1éH b
(with b a «<n-1 # b’ strings).

Notes:
1. A /B A1 A2 ..., Aijp, are strings of characters within separators.
2. A A2, -, Aijp, are strings of characters within angle brackets that are identical to the strings

Aij1r Aijo2, ..o Aijpiy respectively except that the first entries of each have been reduced by 1. If
A (for some 1 < i* < p;;) begins with 1, A+ begins with 0.

3. Sij Ti, Rnh and Ry are string building functions which create strings of characters. The R functions
involve nesting the same string of characters around itself n-1 times before being replaced by the
string ‘0.

4. #,#* and #;; are strings of characters representing the remainder of the array (can be null or
empty).

5. A\, symbol is an n-hyperseparator, \, enclosed by m pairs of square brackets is an
(n-m)-hyperseparator (when n > m) and a normal separator (or 0-hyperseparator) otherwise. A
separator containing no backslashes whatsoever is a hormal separator.

6. The comma is used as shorthand for the [1] separator.

7. \nis used as shorthand for the [1 \,+1 2] separator.

This is my complete Nested Hyper-Nested Array Notation. The limit ordinal of this notation is 8(gq+1),
the Bachmann-Howard ordinal. This notation works for simple nested arrays up to € level without
requiring Rules A2 and A5a-d. Rule A5a is required to reach gq (represented by the [1 \ 2] separator),
Rule A2 is needed to achieve ¢(w, 0) (or use the [1[2\; 2] 2] separator), Rules A5b and A5d are
required to get to Iy (or process [1[1\; 3] 2] or beyond) and Rule A5c was brought in to gain access
to 8(Q*w) or the small Veblen ordinal (or deal with [1[1\; 1,2] 2] upwards).

An n-hyperseparator (n = 1) is of the form

[Ar [Xa] Az [X2] ... [X] Akeal,
where k = 1, each of [X]] is an (n+1)-hyperseparator (with the \.; symbol used in place of [1 \,:+» 2])
and each of the A, strings within square brackets would be a normal separator. In Rule A3, the levels
of two n-hyperseparators [A] and [B] are determined by the highest ranking (n+1)-hyperseparator
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within their ‘base layers’, then the numbers of them when they are identical. When the numbers are
equal, this is repeated for the subarrays of [A] and [B] to the right of the rightmost highest ranking
(n+1)-hyperseparator. When the highest ranking (n+1)-hyperseparators and their numbers within the
subarrays are identical, this is repeated again for the subarrays within the subarrays, until no more
(n+1)-hyperseparators remain, in which case the ordinal levels of the two subarrays (normal
separators when placed within square brackets) are then considered (see page 22 of Beyond Bird’s
Nested Arrays | for details on how the levels of two normal separators are determined). If the ordinal
levels are the same, the ‘[Xi] Ax+1’ strings (from the final (n+1)-hyperseparator onwards) from each of
[A] and [B] are deleted, and the entire process is repeated for the truncated [A] and [B], until these
become normal separators (in which case their ordinal levels are taken into account). When we get a
lower level or number for [A] than for [B] on some measure, then the original [A] ranks lower than the
original [B] and the ‘[A] 1’ string is deleted. (The levels of (n+1)-hyperseparators are first determined
by the highest ranking (n+2)-hyperseparator within their ‘base layers’, and so on.)

In Rule A5b, where | have written “separator [A;;p ] = [1\j+1 2] =\;, where 22", the \; has been
written as a shorthand for [1 \},1 2]. | have included the [1\j:1 2] since A;j,; IS a string within square
brackets, beginning with a number. There may exist [A;;i] = [1\j+1 2] for some i* < p;;, in which case
we need to find ‘b «A;j» b’, which would be ‘b «0\j;; 2> b’ =D’ (as j+1 = 2). Some form of
shorthand is necessary since there are an infinite number of ways of writing \,, namely

T\ 2] [1[1\22]2] [1[1[1\es2]2]2], ...

The following function grows so rapidly that its growth rate is of the magnitude of the
Bachmann-Howard ordinal, which is probably the largest ordinal with a special name.
HN)={3,n [1[1[...[2[1\w1\2]2]...]12]2] 2} (with n layers of square brackets).

The first four values of the H function are as follows:

H(1) =3,

H2)={3,2 [1[1\,1\,2]2] 2}
={3«0[1\:1\,2]2 2}
={3@22\,2>»2 2}
={3832\2[2\,2]2\2 2},

H(3)={3,3 [1[1[1\:1\:2] 2] 2] 2}
={3[1[1\:1\32]2]2 3}
={3«3@@\33«33B\33 3333 3},

H4)={3,4 [1[1[1[1\41\42]2]2]2] 2}
={3O[1[1[1\41\42]2]2]2 4}
={834«4did\;44A4A4\,44A44\Hd4H44H4444 4}

Imagine how huge this number must be:
N = H(H(H(...H(3)...))) (with H(3) H’s).

Is this a record for the largest finite number defined or created by a notation? Imagine how far away is
N light years if the universe is infinite! Imagine a group of N galaxies in our infinite universe, with some
of those galaxies large enough to contain at least N stars, N planets and even N black holes. Imagine
a black hole that is N light years in diameter. And that’s not to mention multiverses or hyperuniverses
with N or an infinite number of universes, 2-multiverses with N or an infinite number of multiverses,
and even N-multiverses!
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