Beyond Bird’s Nested Arrays |

My various Array Notations use curly brackets { } for the entire array, square brackets [ ] for
‘separator’ arrays (markers denoting the end of the linear, planar or higher dimensional space within
the array) and angle brackets <> to denote that a space of a certain dimension is filled up with entries
of a certain integer. In order to proceed beyond my Nested Array Notation, | have managed to link the
separator arrays with the various ordinal infinities or transfinite numbers, in order to make it easier for
mathematicians to follow (quite a large list of them).

The first epsilon ordinal,
€ = WMw
= wrwrwh..Mrw (with w omegas).

The next epsilon numbers are €1, €, €3 etc. Using g4 to denote the (a+1)th epsilon number (as ais a
Greek letter variable, it may be either finite or transfinite), 4.1 is the limit of the sequence,

€qtl,
w"(gqt1),
wrwNegtl),
etc., so,
€q+1 = WW WA WA (Eg+L) (with w omegas).
The sequence begins with g,+1 rather than g4 since w” ey = €,. Putting it another way,
€q+1 = EMW.
Since,

WM (w+1) = wMNWMw) = Wy = €,
| have redefined Knuth’s Up-arrow Notation with transfinite values so that
WM w+1) = wi(eo+1),
and similarly, wp = g4 implies that w*(B+1) = w"(eq+1), in order to achieve a strictly increasing
function for f(B) = WM/~ (with y up-arrows, for some finite or transfinite y). Using this redefinition,
€1 = W™ (w2),
€ = W™ (Ww3),
and, in general,
€q = W w(1+a)) (1+a =afor all a = w).

| find that,
£(gg) = WMWMW,
£(e(gg)) = WMWMWMW,
etc., so, the first ordinal beyond the epsilon numbers, zeta-0 is
Co = €(e(e(...(g0)--.))) (with w epsilons)
- U.)AAAU.).

Cq+1 is the limit of the sequence,
Got1,
€(Catl),
£(e(Gatl)),
etc., so,
Co+1 = €((e(...((CutD))...))) (with w epsilons)
= WMWM.L MM +1) (with w omegas),
when w3 = {, implies that w™(3+1) = €({y+1) rather than w A B+1) = €(Cq) = .



Hence,

01 = W (w2),

G2 = WM (W3),
and, in general,

o = WM Nw(1+0a)).

C(Co) = WMWY,
2(¢(C0)) = WM WM WMAW,
etc., so, the first ordinal beyond the zeta numbers, eta-0 is

No = ¢(G(&(-.(%o)--))) (with w zetas)

= wl\/\/\/\w .

There are more expressive ordinal notations, for example,

¢(0)
o(1)
cp(a) = w"a
o(1, a) = &,
?(2, a) = G,
®(3, a) = Na,
where ¢ (lower case Greek letter phi) is known as the Veblen function. It is defined as follows:
¢(a+1, 0) = (o, @(a, ¢( ... ¢(a, 0) ... ))) (with w @’s),

@(a+l, B+1) = @o(a, @(a, ¢( ... (a+1, f)+1 ...))) (with w @’s).

o(1, a) represents the epsilon numbers, ¢(2, a) the zeta numbers, and so on. @(a, B) (also written as
@q(B)) represents the (a-1)th set of numbers (after the epsilons).

In Knuth’s Up-arrow Notation and my Linear Array Notation, fora =1,

@(a, 0) = WMy (with 1+a up-arrows)
={w, w, 1+a},
o(a, B) = WM Nw(1+B)) (with 1+a up-arrows)

= {w, w(1+p), 1+a}.

The limit of the sequence,
0,
9(0) =
9(¢(0), 0) = (1, 0) = &0 = {w, w, 2},
?(0(9(0), 0), 0) = @(g0, 0) = {w, W, &g} > {w, W, W} ={w, 2,1, 2},
(@(0(¢(0), 0), 0), 0) > {w, w, {w, w, w}} ={w, 3, 1, 2},
o(@(0(¢(¢(0), 0), 0), 0), 0) > {w, 4, 1, 2},
etc., is
?(1, 0, 0) = ¢(@(( -.. ¢(0) ... ), 0), 0) (with w @’s)
={w, w, 1, 2}.
—w{w{w{..{w{wlw}..}wlw}w (with w layers of curly brackets).

o(1, 0, 0) is the Feferman-Schutte ordinal and normally written as Iy (I' is the capital Greek letter
Gamma). We really needed a special notation well before even thinking of this ordinal, for we would
truly run out of letters if we used epsilon, zeta, eta etc. While €y represents the first step of reaching
this ordinal, the second step would require € letters, the third step would require as many letters as
the ordinal represented by the second step, and so on. And w of these steps are needed to get to I.



We can generalise for any number of arguments of ¢.
¢(R,a+1,0) = @(R,q, ¢(R,q, ¢( .... 9(R,a,0) ....))),
¢o(R,a+1,+1) = o(R,a, (R,a, @( .... ¢(R,a+1,8)+1 .... ))),
¢(R,0+1,0,0,..,0) = o(R,qa, o(R,q, ¢( -... ¢(R,a,0,0,..,0) ....), 0,..,0), 0,..,0),
¢(R,a0+1,0,..,0,8+1) = o(R,a, ¢(R,qa, ¢( .... 9(R,0+1,0,..,0,8)+1 ....), 0,..,0), 0,..,0),
where R represents a string of the remaining arguments of ¢ and 0,..,0 is a string of one or more
zeroes. There are w @’s on the right hand side of each of the four equations.
This was adapted from page 29 of “Why Ordinals are Good for You”
(http://cl-informatik.uibk.ac.at/~georg/publications/esslli03.pdf).

When A is a limit ordinal (of the form wa for a > 0) and a <A,
o(R, a, 9(R, A, B)*+1) has limit ordinal @(R, A, B+1) as a tends to A,
¢(R,q,0,..,0,¢(R,A,0,..,0,8)+1) has limit ordinal ¢@(R,A,0,..,0,8+1) as a tends to A,
where R represents a string of the remaining arguments of ¢ and 0,..,0 is a string of one or more
zeroes.

| found that,
¢(a,0,0,..,0)={w,w, 1, ..,1, 1+a}
={w, w, w, ..., {w,w-1,1, ..., 1, 1+a}, a}
>{w, w, w, ..., w, a},
with the dots representing the same number of arguments, and, for ordinals above @(1, 0) = gg
o(ap, ..., az, 0z, a7) = {w, w(1+ay), 1+ay, 1+az, ..., 1+ap}.

The limit of the sequence,
o(1) =

® )

(1,
®(1,0, 0) Fo,
(1, 0, 0, 0),
¢(1,0,0,0,0),
etc., is

6(Q"w)=¢(1,0,0,...,0) (with w zeroes),

which is the small Veblen ordinal. The 8 (theta) function is an ordinal collapsing function and Q
(capital Greek letter Omega) denotes the first uncountable ordinal.

0(Q"w) ={w, w[2] 2} = {w, w, w, ..., w} (with w omegas).

Relationship between the 6 and ¢ functions:

0(0)=9(0) =1

8(1) = 9(1,0) = &

8(2) = 9(2, 0) = o,

8(a) = ¢(a, 0) (a<Q),

B(w) = o(w, 0),

08(Q) = 6(6(...8(0)...)) (with w O’s)
=¢(1,0,0) =Ty,

08(Qa) = ¢(a, 0, 0) (a<Q)),

8(Q"2) = (1, 0, 0, 0) (Ackermann ordinal),

8(Q"n) =¢(1, 0,0, ..., 0) (with n+1 zeroes),

8(Q"w) =¢(1,0,0, ..., 0) (with w zeroes).



The notation for the ordinal collapsing function may vary. Texts often use y (psi) ordinals as follows:
Ww(0) = ¢(1, 0) = &,
W) =01, 1) =&,
w(@) = (1, a) = &q (a<Q),
w(Q) = (2, 0) = G,
w(Q2) = (2, 1) =y,

W(Qa) = ¢(2, a-1) = {a1 (1=a<w)
=@(2,0) =Gq (wW=a<Q),
Ww(Q"2) = (3, 0),
W(Q"a) = @(1+a, 0) (1sa<Q),
W((Q"a)B) = ¢(1+a, B-1) (1=a<Q,1=B<w)
= p(1+a, B) (1<a<Q,w=sp<Q),
Ww(Q"Q) =9(1,0,0) =Ty,
Ww(QY(Qa)) = ¢(a, 0, 0) (1=sa<Q),

w(QrQ*2) = (1, 0, 0, 0),
w(Q*QM) = 9(1,0,0, ..., 0) (with n+1 zeroes, n = 1),
Y(Q"QMw) =9(1,0,0,...,0)  (with w zeroes).

While 8(Q*w) = w(Q*Q*w) is known as the small Veblen ordinal, 8(Q*Q) = w(Q*Q"Q) is known as the
large Veblen ordinal, which is
8(Q"0(Q"...6(Q)...)) (with w ©’s).

Larger ordinals exist, for example,

8(Q Q" w),

8(Q"MQMNQ)
and even

B(eq+1) = B(QMQMQN..) (with w Q’s),
which is known as the Bachmann-Howard ordinal.

My Nested Array Notation can be extended beyond the €q recursion level by introducing
‘superseparators’, starting with [[1]], which separates €o-spaces and has level €q. | can define

{a, b [[1]] 2} = {a «0» b}

={ad<bc...<b<bb..>b>b>b} (with b b’s from centre to right),

which is equivalent to

{a,b[1[1]...]2[1,2]2]...12] 2] 2} (with b-1 square brackets, for b = 2).
This function is gg-recursive, since g is the limit of the sequence w"w, W W W W, W W W W W W
etc., or wM2, w4, w6 etc. We need g™ w to achieve ;.

After [[1]] comes [[2]], [[3]], ---, [[1. 2]1, .-, [[2 [2] 2]], --- [[1 [1, 2] 2]], and so on. [[n+1]] separates
(eo+n)-spaces, [[m+1, n+1]] separates (eg+wn+m)-spaces etc. If [X] is a separator with level a (a
combination of a finite number and the various ordinal infinities, as X is a string of characters) then
[[X]] is a separator with level go+a, meaning that it can handle up to w"(gg+a) = go(w"a) arguments.
When X ffills-up’ an gg-space, | need to nest the [[1]] separator inside double square brackets. The g;2
level [[1 [[1]] 2]] separator is defined as follows:
{a, b [[1 [[1]] 2]] 2} = {a «0 [[1]] 2»> b}
={a «b «0» b» b}
={a«b<b<..<b<b>b>...>b> b» b}
(with b b’s from centre to right within the double angle brackets).



In general,
{a, b [[1 [[1]]1 n #1] 2} = {a «O [[1]] n #» b}
={a « b «0» b [[1]] n-1 # » b}
={a«bd<..b< b ..>b b[[1]] n-1#» b}
(with b b’s from centre to right within the double angle brackets),
where # is a ‘wildcard’ character representing the remainder of the array (which can be an empty
string).

[[1[[1]] 2]] has level €42,

[[X [[1]] 2]] has level gy2+a,
[[1[[1]] 3]] has level €43,

[[1[[1]] 1, 2]] has level gw,
[[1[[1]] 1[2] 2]] has level go(w w),
[[1 [[2]] X]] has level gqa.

At this point, | use the square outline symbol (o) in place of the [[1]] separator, in order to make some
of the expressions easier to read. With k 1’'s and o symbols inside the double square brackets,
{a,b[[lolo..olaon#]2}={a«0ola..clon#»b}
={a«SoSo..oSon-1#»b} (with k S strings),
where S ='b«0» b’
='bb<..<bb . .H>bb (with b b’s from centre out)
and # is rest of array.

[[1olo?2]] haslevel €2,

[[1o1o3]] haslevel (e0"2)2,

[[1o1loX]] has level (€0"2)aq,

[[Lololo2]] haslevel "3,
[olo..o0l1o2]] (withn1's) has level gy™n.

The o symbol (or [[1]]) separates €g-spaces within double square brackets just as the comma
separates 0-spaces (single entries). In order to extend further, | nest higher-order double square
bracket separators within double square bracket separators, starting with [[1 [[2]] 2]].

{a, b [[1[[2]] 2]] 2} = {a «0 [[2]] 2»> b}
= {a «b «1» b» b}
={a«SoSoSo..oS»b} (with b S strings),
where S =D «0» b’
='bd<c..<bb...>b b (with b b’s from centre out).

{a, b [[1[[3]1 2]] 2} = {a «O [[3]] 2» b}
= {a «b «2» b» b}
={a « SoSo...o0S [[2]] SoSo...0S [[2]] -..... [[2]] SoSo...0S » b}
(with b2 array of S’s within double angle brackets).

[[1[[2]] 2]] has level gy w,

[[1[[311 2]] has level g*w"2,

11, 2]] 2]] has level &y *ww,
111, 1, 2]] 2]] has level gy"w w"2,
[[1[[2[2] 211 2]] has level gxw w w,



[[2 1 [3] 211 2]] has level gxwW W w"2,
[[1[21[1, 2] 2]] 2]] has level W W W w,
[[1 [[X]] 2]] has level g*w’a.

[[1[[1 o 2]] 2]] has level gg"e,
[[X[[1o2]]2]] has level gy’ epta,

[[1[[1 o 2]] 3]] has level (g5™€p)2,
[[A[[1o2]]1,2]] has level (gx"eo)w,

[[1[[1 o 2]] X]] has level (g5™€p)a,
[AM1o2]]1([[2a2]]2]] haslevel (g5™ep)"2,
[[1[[2 o 2]] 2]] has level (go™ep) w,
[[1[[1,202]]2]] has level (go"€0) w’w,
[[1[[X o 2]]2]] has level (goep) w’a,

[[1[[1 o 3]]2]] has level (go"€g)™eo = €0"€0"2,
[[1[[1 o 4] 2]] has level gy"ep"3,
[[1[1o1,2]]2]] has level gy e w,
[[A[[1oc1([2]2]]2]] has level g ey w w,
[[1[[2 o X]]2]] has level gy"eg™a.

[[1[[1o1coc2]]2]] has level gyep™eo,
[[1[[1o2ao?2]]2]] has level (eg™eg™eg)en = €0"p™(E0t1),
[[1[[1oXo2]]2]] haslevel g eg™(egta),
[[1[[1c1o3]2]] has level g5™ep™(€02),
[[1[[1oc1oX]]2]] has level gy™ep™(go0),
[A[[1olo1o2]]2]] haslevel gy eg’ep™2,
[[L[[LolocXo?2]]?2]] haslevel g eg™(eg"2+€00),
[A[[1oclo1o3]]2]] haslevel gy"eo™((€0"2)2),
[A[[1ololaoX]] 2] haslevel geg™((e"2)a),
[AMloclololo?2]]2]] has level gy™ep"eg™3,
[[2[[1[[2]] 2]] 2]] has level gp"ep’ep™w,

[[1[[1[[2, 211 2]] 2]] has level gg’eper” W w,

[[21 [[2 [[X]] 2]] 2]] has level gy"ep’ep wha.

L1112 o2]]2]]2]] has level gep’ep™eo,

[IXT1[1o2]]2]] 2]] has level gg™eg"ep”egta,

121 o2]] 2]] 3]] has level (g0™e0™e0™€0)2,

112 o2]]2]] X]] has level (g0ep"en™e0)a,
[TM{1o2]2]]1[1[1o2]2]2]] has level (e0"to"eo"E0)"2,
[[1[2 11 o2]] 2]] 2]] has level (goeo™e0"En) W,

ML X[[Lo2]]2]]2]] has level (g0”ep"en™ep) wMa,

L1 o2][1o2]]2]]2]] has level (go™eo™en™en) e = €0™E0™(E0™Ept1),
[lM1olo2([[1o2]]2]]2]] has level gy*eg™(e0™enten),
[[LIL[22[1o2]]2]]2]] haslevel eoeg™(eo"eoten W),
[[1[[1[[102]]3]] 2] has level €y"e"((€0"€0)2),

[[1[[1[[102]] X]] 2] has level £0"e0"((€0"€0)0),
[[1[1[[1o2]]102]]2]] haslevel g*eo"((€0™€0)e0) = €0 €0 (E0+1),
(L1 [1o2]]1[2]]12]]2]] has level g5"eq"eq"(eotw),

(A1 o2)11[1o2]]2]]2]] haslevel ggtep™en™(€02),

(L2112 o2]] 2]] 2]] has level gyeg"eg™(€ow),



ML[1[Xo2]]2]]2]] has level gyeg™ep™(Eo(Wwa)),
(21131 2]]2]] has level gg™eg™ep™ep™2,
[[L[2[1 o1, 2]] 2]] 2]] has level gg"eg™eg™eg”™w),
[ [2[1aX]2]]2]] has level gyep"eg”ep™a.

(L1211 o1o2]]2]]2]] has level gy eg”ep™ep"€o,
ML[1[1o1oX]2]]2]] haslevel gy™eg”ep™en(€00),
[AM1Mlololo2]]2]]2]] has level g eg™eg™eg™eg™2,
[[1[[L M1 [[2] 211 211 2] has level gg"eg"eq"e0 e0™ W,

[[1 [T [2[IX]121] 21] 2]] has level eo"eo"eq"en"e0™ W a,
MAOL[1[1o2]]2]]2]] 2]] has level eg”ep™en™en™Eq o

Take the separator
ISl =M [0 M2 {2 o2 2] ... 121 2]],
where there are n double squared brackets (ignoring the [[1]] in the centre, still symbolised by o), thus
[[Si]] =11 o 2]] has level gy2,
[[S2ll =1 [[1 0 2]] 2]] has level eoeo,
[[Ssll =[[1[[1 [[1 o 2]] 2]] 2]] has level &o"eq"e0"e0,
[[Sal1 = [[1 [[1 [[1 [[1 = 2]] 2]] 2]] 2]] has level e¢"eo €0 e e o

I conjecture that [[S,]] has level g"\(2n-2) for all positive integers of n = 2. It holds true for n = 2, 3, 4.

Assuming it holds true for n = k,
[[Skll = [[1 [[Sk4ll 2]] has level &""(2k-2),
[[X [[Skall 2]] has level g™\ (2k-2) + a,
[[1 [[Sk-111 3]] has level (e0"(2k-2))2,
[[1 [[Sk-1]1 X] has level (e0"(2k-2))a,
[[1 [[Sk-all 1 [[Skall 2]] has level (e0"(2k-2))"2,
[[1 [[2 [[Sk2]] 2]1 2]] has level (e0™"(2k-2))"w,
[[1 [[X [[Sk2ll 211 2]] has level (g0™(2k-2))"w"a,
[[1[[1 o2 [[Sk212]] 2]] has level (e0™(2k-2))"eo = €0™e0"(€0™(2k-4) + 1),
[[1 [[1 [[Sml] 2 [[Sk-21] 2]] 2]] has level go"eq" (€0 (2k-4) + £0™(2m)) (1 =m=k-3),
[[1 [[1 [[Sk2ll 311 2]] has level eo™eo™((€0™"(2k-4))2),
[[1 [[1 [[Sk2ll X]12]] has level go™eo"((€0™(2k-4))a),
[[1 [[1 [[Sk2l] 1 [[Smll 211 2]] has level eo™eq”((e0™"(2k-4))(e0"(2m))) (1 =m=k-3),
[[1 [[1 [[Sk-2l] 1 [[Sk-2]] 211 2]] has level eg"eo™((€0""(2k-4))"2),
[[1 [[2 [[2 [[Sk-s]1 211 2]] 2]] has level eg"eq"((€0™(2k-4))"w),
[[1 [[1 [[X [[Sk-3l] 211 2]] 2]] has level &eg"eo™((€0™(2k-4))" w"a),
[[1[[1[[1 o2 ([[Sksll 211 2]1 2]] has level eo™eo((e0™"(2k-4)) o) = €0"€0 e e (€0 (2k-6) + 1),
[[2 [[2 [[1 [[Sml 2 [[Sk-3]1 211 2]1 2]] has level &q"eo"eo™eq"(€0™(2k-6) + €0 (2m))
(1 £ m<k-4),

[[1 [[2 [[1 [[Sk-3]] 311 2]] 2]] has level eg"eo"e0™eq™((€0"(2K-6))2),
[[2 [[2 [[1 [[Sk-s]] XI1 2]] 2]] has level eo"eq"eo™eq((€0™(2K-6))a),
LML [I2 IS X1 --- 0 211 211 has level gg™eph... eg™((€0™2)Q)

(with k double squared brackets and 2k-4 €g's in ‘eg™eg™... eg),
(L0 [[2[S121Sall 2] ... 11211 2]] has level eo™e™... €o™((€0"€0)"2)

= goeph.. Aepep™(€02)  (with 2Kk-2 g¢’s),

MLM2[...[[1[2oc2]12]]..-11 2] 2]] has level gy"eph... eg™eg™(EqW),



MLMLM... ML X o2]]2]]...112]1 2] has level ggeph...Nep g (Eo(W ™)),
ML [M2M1o3]]2]].-02]12]] has level gg™ep™..."eg™ep™e0"2,
M2 ML oX]]2]] .- 11211 2]] has level gg™eph... ep™eg e,
MLMLM...MLM2aol1ac2]]2]]...112]]2]] has level gy eg™...reg™egegeg = €0\ (2k-1),
MLM2[...[[1[MLocl1aX]]2]]..112]2]] haslevel gytegh...Aeg™eg™eg™(€000),
[LM2[..[[1[[loclac1o2]]2]..12]2]] haslevel gotegh...repep™ep™eg™2,
LML ML [2 1211 20 211 --- 1 211 2]] has level gghep™...Mepheg™egep™ W,
L2 .- [ XN 211 2011 --- 11 211 2]] has level gghegh... rephegep™eg W,
(LML MMro2n2]2]... 120 2] =[Skl has level g"(2k),

and so, it also holds true for n = k+1.

So, [[Sh]] has level £g™(2n-2) for all positive integers of n = 2 (outline of proof by induction shown
above). Each time | add a layer of double square brackets to the separator the gy power tower grows
in height by two. When I introduce the next ‘superlevel’ of separators (starting with [[[1]]]) and define

{a, b [[[1]]] 2} = {a «<0»» b}

={a «b «b « ... ««b «b» b» ... » b» b» b} (with b b’s from centre to right),

which is equivalent to

{a, b [[22[[..-[[2[1, 211 2]] -.- 11 2]] 2]] 2} (with b-1 double square brackets, for b = 2),
| would obtain an g;-recursive function. [[[1]]] separates g;-spaces and has level €;.

In fact, when | replace all of the double square brackets by treble square brackets in the above
separators (with the o symbol used in place of [[[1]]]), the €¢’s in the separator levels get replaced by
€,’s and | would obtain an €,-recursive function, using the [[[[1]]]] separator. (The proof that [[[S,]]] has
level £,2(2n-2) for all n = 2 would hold.) | can even continue this so that each additional square
bracket around the separators adds one to the epsilon numbers, for example,

[I[---[1]---]] (with n+2 square brackets around 1) would have level €.

I now define the separator [X \ n] to be [[[...[X]...]]] (with n square brackets around the array X).
Similarly, ‘a X\nm b’ is ‘a «...«xX>..on b’ (with n angle brackets around the array X). By this
definition

[L\n+2] has level ¢,.

The Main (M) Rules and Angle Bracket (A) Rules remain as before but a separator or angle bracket
array can now end with a backslash (\) and a number (the ‘superlevel of the separator), when the
number is 2 or greater. When this number is 1, the \ 1’ strings are omitted.

The only significant new rule to add would be:
{a,b[1\n]2}={a<0\n b}
={adbdc...bd\n-Hb\n-1>...ob\n-1>b\n-1 b}
(with b b’s from centre to right).
This is equivalent to
{a,b[1[1[...[1[1,2\n-1]2\n-1]...] 2\ n-1] 2\ n-1] 2} (with b-1 square brackets, for b = 2)
and is an gp-recursive function, since [1 \ n] separates €,.»,-spaces and has level g,.

The backslash is a ‘hyperseparator’, as it ‘outranks’ all the normal separators — even when they
themselves contain the \ symbol. Furthermore, the backslash cannot appear in the ‘base layer’ of a
main array (within curly brackets, as in {a, b \ c}). A number 1 between two separators is removed
(along with separator to its left) when the left separator is of a lower level that the separator to its right
(see Rules M2 and A2 of Nested Array Notation). The levels of the separators are determined by their



associated ordinals, for example, [1 \ 3] ranks higher than [1[2\ 2] 2\ 2] since they have ordinal
levels of €, and €o™w respectively, and €; > gg™w. When the separator to the right of a number 1is a
‘hyperseparator’ (represented by a backslash) and the 1 is not the first entry of its separator or angle
bracket array (above the ‘base layer’ of the main array), the 1 is always removed along with the
normal separator to its left. The following line is therefore added to Rule A2:

a#[AlT\mb =a#\nb.
In that line, [A] is a normal separator and # denotes the remainder of the angle bracket array.

The next stage of my extended Nested Array Notation would be to turn the number to the right of the
backslash into an array.

{a,b[1\1,2]2}={a<«0\1, 2> b}

={a <k \ b b},

which is greater than

{ac0\b>b}={add<...<bb\b-1yb\b-1>...>b\b-15b\b-1 b}

(with b-1 angle brackets).

This is an g-recursive function, since [1\ 1, 2] separates g,-spaces and has level g,.

Angle Bracket Rule A4 with k =2, n =2 and # blank is

@0 [Al]1[A] 2 b’ ='a<b<A» b[A]]bA> by b,
When [A] is a backslash and [A;] is a comma, the strings A;’ and A,’ are both set to ‘0’, since they
are at the very first level of hyperseparator and separator respectively. Thus

‘adld\1,2b =A<b®b\bdb>rb

=‘ad\bb.
For example,
{3,2[1\1,2]12}={3<«0\1,2> 2}
={32\2 2}

={3«0\2> 2 [1\2] 3 «0\2» 2 [2\2] 3 <0\2> 2 [1\2] 3 <0O\2» 2}
={3,3[2] 3,3[1\2] 3,3 [2] 3,3 [2\2] 3,3 [2] 3,3 [1\2] 3,3 [2] 3,3},
{3,2,2[1\1,2]2} ={3,3[1\1, 2] 2}
={3«0\1,2 3}
={33\3 3}
= N,
{3,3,2[1\1,2]2} ={3,N[1\1,2] 2}
={3«{\1,2> N}
={3«N\ N> N}.

In Rule A2, we now have
ad[Al1\#5b ="ad#\#H b
instead of
ad[Al1\mb ="a#\nb.
#* denotes the remainder of the angle bracket array to the right of the backslash.

When | replace all of the double square brackets in the list of separators with double square brackets
in such a way so that each [[S]] is replaced by [S \ 1, 2] (with the o symbol used in place of [1\ 1, 2]),
the g¢’s in the separator levels get replaced by €,,’s and | would obtain an €.1-recursive function,
using the [1\ 2, 2] separator, which has level ¢,.1. | can repeat this process when introducing higher
level separators, so that if [1 \ n #] has level ¢, (where # is rest of array) then [1 \ n+1 #] would have
level gg+1.



The following separators have ordinal levels as follows:-

[1\1, 2] has level g,

[1\2, 2] has level gy41,

[1\3, 2] has level gy,

[1\1, 3] has level gy,

[1\2, 3] has level gyo+1,

[1\1, 4] has level g3,

[1\1, 1, 2] has level gy,

[1\1, 1,1, 2] has level g3,
[L1\V1[2] 2] has level gyny,

[L1\V1[3] 2] has level gyngno,
[L\1[4] 2] has level gynpnz,
[L\1]1, 2] 2] has level gyngry,
[L\1]11[2] 2] 2] has level €unprpnw,
[LV1[11]1,2]2] 2] has level €ynumrpmtmin-

[1V1[1\2] 2] has level g(g),
[L\2[1\ 2] 2] has level g(gotl),
[1\V1,2[1\2] 2] has level g(gp+w),
[1V1[2]2[1\2] 2] has level g(eg+w w),
[L\V1[1\2]3] has level g(g02),
[1V1[2\V2]1[1\2] 2] has level g(gg"2),
[1V1[2\2] 2] has level g(ep”w),
[L\1[1,2\2]2] has level g(gpw"w),
[1V1[1[1\2]2\2] 2] has level g(eg™eo),
[1V1[2\3] 2] has level g(g),
[L\1[1\4] 2] has level g(gy),
[1V1[2\1,2] 2] has level g(gy),
[1\1[1\2,2]2] has level g(gy+1),
[LV1[1\1,3]2] has level g(gy2),
[LV1[1\1,1, 2] 2] has level g(gynr),
[1V1[21\V1[2] 2] 2] has level €(gyny),
[LV1[1\1[1, 2] 2] 2] has level g(ewrwrw)-

[LV1[2\1[1\2]2] 2] has level g(g(go)),
[LV1[1\V1[21\3]2]2] has level g(e(er)),

[LV1[2\V1[1\1, 2] 2] 2] has level g(g(gy)),
[TV1I[1V1[2V11[2]2]2]2] has level g(e(Ewry)),
[LVI[2V1[1V1[2\2]2]2]2] has level g(e(e(go))),
[TVI[IVI[2V1[IV2[2\2]2]2]2]2] has level €(e(e(e(€0))))-

When the array to the left of the backslash is a single 1, the array to the right of the backslash
changes much like simple nested separator arrays (without the backslash).

When n = 2 and # is rest of array,
{a,b[1\n#]2}={a<«0\n# b}
={addc...bb\n1Hb\n1#H H>b\n-1#HDb\n-1#H b}
(with b b’s from centre to right).
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With k 1’s to right of backslash,
{a,b[1\1,1,...1,n#]2}={a0\1,1,..1,n# b}
={a<\b,b,...,b,n1# b}
(with k b’s between backslash and closed angle bracket).

{a,b[I\1[2]n# 2} ={a0\1[2]n# b}
={ab\b<«1>b[2] n-1# b}
={a<\b,b,..,b[2] n-1# b} (with b b’s between \ and [2]).

{a,b[1\1[1,2]n#]2}={a<0\1[1, 2] n# b}
={a<«b\b<0,2> b[1, 2] n-1# b}
={a<«b\b<b>b[l, 2] n-1# b}
(b™b array of b’s between \ and [1, 2]).

When X is a string of characters,
{a,b[I\1 [X]n#] 2} ={a <0\ 1 [X]n# b}
={a<b\bX>b[X]n-1# b},
where X' is identical to X except that the first entry has been reduced by 1. If X begins with 1, X’
begins with 0. This bears similarities with Rule A4.

{a,b[1\V1[1\2]2]2}={a«0\1[1\2] 2> b}
={ad\b<«0\2> b> b},
={ak\S b},
where S='bdb<db<c...db<bb...>b b b’ (with b b’s from centre to right).

{a,b[1\1[1\n#]2]2}={a«0\1[1\n#]2 b}
={axk\b<«0\n# b b}
={a<xb\S b},
where S=‘bbd<«...<bdb\n1#Hb\n-1H . H>b\n-1Hb\n-1#H Db
(with b b’s from centre to right).

{a,b[1\V1[1\1[1\2]2]2]2}={a<0\1[1\1[1\2]2]2> b}
={adb\b«0\1[1\2]2 b b}
={ad\bdb\b<«0\2 b b b}
={a<xk\b<kb\S b b},
where S='bd<db<c...bbb ...>b>b b’ (with b b’s from centre to right).

| next define the lowest separator with more than one backslash,
{a,b[1V1\2]2}={a<«0\1\2> b}
={a\bkb\bc...<b\b<b\b>b>...>byb>b} (with b-1 angle brackets).
This is equivalent to

{a,b[L\1[2\1[...[2\1[1\1,2]2]...12]2] 2} (with b-1 square brackets, for b = 2)
and is a {p-recursive function, since [1\ 1\ 2] separates {p-spaces and has level
Co = €(e(e(.--(€0)---))) (with w epsilons).

(o (C for zeta) is the first ordinal beyond the epsilons (¢(2, 0) in the Veblen hierarchy).
The most significant single backslashed separators are:-

[1\2] has level ¢,
[2\ 2] has level gq+1,
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[L[1\2] 2\ 2] has level gp2,

[1[2\2] 2\ 2] has level gyw,
[L[1[2\2]2\2]2\2] has level gy’eg,
[1\ 3] has level ¢,

[1\ 4] has level g5,

[1\1, 2] has level g,

[LV1[2\2] 2] has level €(gg),
[LV1[2\1[1\2]2]2] has level g(g(gg)).

Here are some separators with two backslashes:-

[\ 1\ 2] has level g,

[L[2\V2] 2\ 1\ 2] has level {p+eo,

[1[1\2]1[1\2] 2\ 1\ 2] has level Co+ep”2,
[1[2V2]2\1\2] has level (y+eq’w,
[L[1[1\2]2\2])2\1\2] has level {p+ep™eo,
[L[1[1\2]1[1\2]2\2]2\1\2] has level Zo+egeg™e,
[T[1[1[1\2]2V2]2\2]2\ 1\ 2] has level otegtegep™e,
[L1[1\3]2\1\2] has level (pt+eq,

[1[1\1,2]2\1\2] has level Cotey,
[1[1\V1[1\2]2]2\1\2] has level gpt+e(g),
[L[2V1I[2\1[2\2]2]2]2\1\2] has level {pt+e(e(eg)).

[1[1\V2V2]2V1\2] has level (g2,
[L[2V1\2])2\1\2] has level {y*w,
[L[1[1\2]2\1\2]2\V1\2] has level {y™e,
[L[1[1\2[2\2]12]2V1\2]2\1\2] has level Zo"e(go),
[L[1[2V2\2]2\V1\2]2\1\2] has level {y"Co.

Since {y is a fixed point of a = g, it follows that {y = €({p), and so, {p™w = €(p)*w = €({p+1). We need
€(€(...€(Cot1)...)) (with w €’s) to make ;. The ordinal {q+1 follows on from ¢, in a similar manner.

[1\2\ 2] has level g(Cpt+1) = {p™Mw,

[L\3\ 2] has level €((p+2) = €(Co+1)Mw,

[1\1,2\2] has level g(lp+w),

[L1V1[2\2]2\2] has level €({p+eo),

[L\V1[1\V1\2] 2\ 2] has level €(Cp2),
[TVI[1V1[2V21\2]2\2]2\2] has level g(g(p2)),
[TVI[IV2I[2V1[2V2N2]2\2]12\2]2\2] has level g(g(g(Co2)))-

[L\ 21\ 3] has level (3,

[L\ 2\ 3] has level g(C;+1),

[1\1, 2\ 3] has level €((;+w),

[LV1[2\2]2\3] has level €({3+¢),
[LV1[1\V1\2]2\3] has level €(C1+Cp),
[LV1[2\1\3]2\3] has level €((12),
[TVI[1V21[2V21\3]2\3]2\3] has level €((12)).

[L\1\ 4] has level Cp,
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[L\1\5] has level 3,

[L1\V1\1, 2] has level ,,

[LV1V1[2\2]2] has level {(gp),

[LV1V1[2V21\2] 2] has level {(Cp),

[LTVINI[2IV2V2[1V1\2])2] 2] has level C(C(Co)),

[TVINVI[2IVINI[IN2AN2[1V1V2]2]2]2] has level €(C(C(Co))).
The sequence of separators starting with the last three has limit ordinal ¢(3, 0). Note that @(1, a) = ¢,
and @(2, a) = (.

{a,b[1\V1\1\2]2}={a«0\1\1\2> b}
= {a <b\b\ b <b\b\ b < ... <b\b\ b <b\b\b> b> ... > b> b> b}
(with b-1 angle brackets)
is a ¢(3, 0)-recursive function, since
[LV1V1\2] has level (3, 0).

[1\2\1\ 2] has level €43 0p+1 = @(3, 0)Mw,

[1V\3V1\2] haslevel g4, 0)+2,

[TVI[AVIV2IN2]2\V1\2] has level €43, 0)2,

[1\V1\ 2\ 2] has level Qg3 0p+1 = €(E(...(Eg(3, 0)2)---)) (With w €’s),
[1V1\3\ 2] has level {y@3, 0)+2,

[IVINI[IV1IN2N2]2)\ 2] has level (g, 0)2,

[1\1\1\3] haslevel ¢(3, 1) =2C({(...(Cp3, 0)2)---)) (with w {’s),
[LV1\V1\4] haslevel (3, 2),

[LVIV2INI[2V1V2\2]2] has level @(3, (3, 0)),
[TVIVINI[2VININI[2IV2N2N2]2]2] has level @(3, ¢(3, ¢(3, 0))).

[LV1\V1V1\2] has level @(4, 0),

[LV1\V1\1\3] has level @(4, 1),

[TVIVININDI[AN2IV1V1N2]2] has level ¢(4, ¢(4, 0)),
[TVIVININVZI[ININININDI[ININ1IV1N2]2]2] has level o4, o(4, ¢(4, 0))),
[LV1V1V1V1\2] haslevel ¢(5, 0),

[LV1V1V1V1\V2\2] has level (6, 0),

[LV1V21N ...\ 1\ 2] (with n 1’s) has level @(n, 0),

[LV1V2IN...\N21\m] (with n 1’s) has level ¢@(n, m-2).

Suppose that X is a string of characters such that the separator [X] has level a (a combination of a
finite number and the various ordinal infinities). For example,

if [X] is a single entry of a finite number, say, [a], then a = a-1;

if [X] = [a, b], then a = w(b-1) + a-1;

if [X] =[1 [a] 2], then a = w*w?(a-1);

if [X]=[1[1\a] 2], then a = g45.

The effect of altering the entries of
[S]=[1\1\1\..\1\m] (with n 1’s)
is now considered. This separator has level ¢(n, m-2).

If the 1st 1 of [S] is replaced by X, [S] would have level ¢@(n, m-2)+q;

if the 2nd 1 of [S] is replaced by X, [S] would have level €4, m-2)+a;
if the 3rd 1 of [S] is replaced by X, [S] would have level {yn, m-2)+a;
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if the 4th 1 of [S] is replaced by X, [S] would have level ¢(3, @(n, m-2)+q);
if the kth 1 of [S] is replaced by X, [S] would have level @(k-1, ¢(n, m-2)+a).

If the nth 1 of [S] is replaced by X, [S] would have level ¢(n-1, ¢(n, m-2)+a); the limit ordinal of
repeatedly replacing the nth 1 of [S] by ‘1 [S] 2’ would be ¢(n, m-1), the level of the separator
[LVIVIV . N2\ m+1]  (with n 1’s).

If the m of [S] is replaced by ‘1 [S] 2’ with m = 2, [S] would have level @(n, ¢(n, 0)); the limit ordinal of
repeatedly doing this would be ¢@(n+1, 0), the level of the separator
[LVIVIN.. V2N IN2]  (with n+1 17s).

In general, with a string of k 1’s and backslashes in separator (k = 1),
{a,b[L\VIVIV.\V1IV2]2)={a<0\1\1\..\1\2 b}

= {a «Rp b},
where Ry=‘b\b\..\b\b R, pb (with k-1 backslashes, n > 1),
R, =10
Note that
R, =b\b\..\b\b (with k b’s),

since ‘bRp b =bd b ="p.

For example, when k = 4,
{a,2[1\V1\1\V1\2]12}={a«0\1\1\1\2 2}
={a2\2\2\2 2},
{a,3[1\1\1\1\2]2}={a«0\1\1\1\2 3}
= {a <« 3\3\3\ 3 <3\3\3\3> 3> 3},
{a,4[1\V1\1\1\2]2}={a«0\1\1\1\2 4}
={a «4\4\4\ 4 < 4\4\4\ 4 4\4\4\4 4> 4 4}.

While simple nested separators (without the backslash symbol) are required to reach the ¢ level
separator [1\ 2], the €, level separator [1 \ 3] involves nested ‘superlevel 2’ brackets (with \ 2’
appended to them), the €, separator [1 \ 4] involves nested ‘superlevel 3’ brackets, and so on. In order
to reach the g(gp) level separator, the superlevels of the brackets would need to take on gg level
complexity themselves, and they would require g(go) level complexity just to get to €(e(€g)). The g or
®(2, 0) level separator [1\ 1\ 2] actually requires nested superlevels (arrays to the right of the
backslash) or ‘supernested’ separators — in short, a Super-Nested Array Notation. While the g({y+1)
separator [1\ 2\ 2] involves nested ‘super-superlevel 2’ or ‘2-superlevel 2’ brackets, the {; separator
[1\ 1\ 3] needs supernested ‘2-superlevel 2’ brackets. Reaching () requires the bracket
2-superlevels to be of {y level complexity and 2-supernested’ separators are needed to achieve the
@(3, 0) level separator [1\ 1\ 1\ 2]. Reaching ¢(4, 0) requires ‘3-supernested’ separators and ¢(5, 0)
involves ‘4-supernested’ separators, and so on. The extended Super-Nested Array Notation, with an
unlimited number of backslashes in the ‘base layers’ of separators, has a limit ordinal of ¢(w, 0).

In order to go further, | need to introduce the next ‘hyperseparator’ symbol — the double backslash (\\).
As with the single backslash, it can only appear within a separator or angle bracket array. The lowest
separator to contain this is [1 \\ 2], which is defined as follows:
{a,b[1\2] 2} ={a<«0\\2 b}
={a«b\b\b\..\b> b} (with b b’s within angle brackets).
This is a ¢(w, 0)-recursive function.
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For example,
{3,2[1\2]2}={3«0\2 2}
={32\2 2}
={3«0\2> 2 [1\2] 3 <0\2> 2 [2\2] 3 «0\2> 2 [1\2] 3 «0\2> 2}
={3,3[2] 3,3 [1\2] 3,3 [2] 3,3 [2\2] 3,3 [2] 3,3 [1\2] 3,3 [2] 3,3},
{3,3[1\2]2}={3«0\2 3}
={3«@\3\3 3},
{3,4[1\2]2}={3«0\2 4}
={3<4\4\4\4 4}.

[L\ 2] has level ¢(w, 0),

[2\\ 2] has level @(w, 0)+1,

[L[2\2] 2\ 2] has level ¢(w, 0)+¢o,

[L[2V2IV2IN.. N2V 2] 2\ 2] (with n 1's within inner brackets) has level ¢(w, 0)+¢(n, 0),
[L[2W2] 2\ 2] has level ¢(w, 0)2,

[L[IWN2]1[2W\2]2\ 2] has level ¢(w, 0)*2,

[L[2W2] 2\ 2] has level ¢(w, 0)'w,

[L[2[1V2]12W\ 2] 2\ 2] has level @(w, 0) e,
[L[2[2W\2]2W2]2\\2] has level ¢(w, 0)*p(w, 0),

[1V2W\ 2] has level g4, 0)+1 = @(w, 0)Mw,

[LVIVIN.. V2N 20\ 2] (withn1's) has level ¢(n, @(w, 0)+1).

| next define
{a,b[l\n#2}={a«0\n# b}
={a<b\b\b\..\b\W\n-1#)>b} (with b b’s within angle brackets),
where # is rest of array.

Since ¢(n, (w, a)+1) has limit ordinal @(w, a+1) as n tends to w, it follows that
[L1\ 3] has level ¢(w, 1),
[LV2IV2IN. N1V 2\\ 3] (withn1's) has level @(n, @(w, 1)+1),
[L\\ 4] has level ¢@(w, 2),
[LV2IV2IN. N1V 2\ 4] (withn 1's) has level @(n, @(w, 2)+1),
[L\ 5] has level ¢(w, 3),
[L\ 6] has level @(w, 4),
[1\ 1, 2] has level ¢(w, w),
[L1\ 2, 2] has level ¢(w, w+1),
[L\ 3, 2] has level ¢(w, w+2),
[L1\ 1, 3] has level ¢(w, w2),
[L1\ 1, 4] has level ¢@(w, w3),
[\ 1,1, 2] has level ¢(w, w"2),
[L1\ 1,1, 3] has level ¢o(w, (w"2)2),
[1\1,1,1,2] has level @(w, w"3),
[L1\1,1,1,1,2] has level ¢(w, w"4),
[\ 1]2] 2] has level ¢o(w, w'w),
[L\W1]1\2] 2] has level ¢(w, €o),
[LW1[1\W\2] 2] has level @(w, ¢(w, 0)),
[TW1[2W1[1W\2]2]2] has level ¢(w, o(w, ¢(w, 0))),
[IWI[ANWI[IWN1I[2IN2]2]2]2] has level @(w, @(w, ®(w, (w, 0)))).

_— N
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[LW\1\2] has level ¢(w+1, 0) =@(w, ¢(w+1, 0)),

[TV2IV2IN.. N1V 2W\ 1\ 2] (with n 1's before \\) has level @(n, ¢(w+1, 0)+1),
[LW\2\2] has level @(w, e(w+1, 0)+1),

[LW\ 3\ 2] has level @(w, o(w+1, 0)+2),

[\ 1,2\2] haslevel @(w, ¢(w+1, 0)+w),

[\ 1, 3\2] has level @(w, p(w+1, 0)+w2),

[L\1,1,2\2] has level ¢(w, p(w+1, 0)+w"2),

[1\1,1,1,2\2] has level ¢(w, (w+1, 0)+w"3),

[LW\1]2] 2\ 2] has level @(w, p(w+1, 0)+w w),

[LW1[2\W1\2]2\2] haslevel @(w, p(w+1, 0)2),
[TW2I[IW1[1W\W1\2]2\2]2\2] haslevel @(w, p(w, p(w+1, 0)2)),
[TW2Z[IWI[2W21[2W21\2]2\2]121V2]2\2] has level ¢(w, o(w, ¢(w, (w+1, 0)2))),
[LW\1\3] has level @(w+1, 1) = @(w, ¢(w+1, 1)).

The development of the [1 \\ X\ 3] separators mirrors the [1\\ X\ 2] set except that @(w+1, 0) is
replaced by @(w+1, 1) in each of the associated ordinals. It follows that

[LW\1\4] has level ¢(w+1, 2),

[LW\1\5] has level ¢(w+1, 3),

[LW\1\1, 2] has level ¢(w+1, w),

[LW1\1, 3] haslevel p(w+1, w2),

[LW1V1,1,2] has level @(w+1, w2),

[L\1\V1,1,1,2] has level o(w+1, w"3),

[LW1\V1]2] 2] has level @(w+1, w w),

[LW1\V1]1\2]2] haslevel o(w+1, gg),

[LW1IVI[1W2\2]2] has level ¢(w+1, p(w+1, 0)),

[TWIVI[IW2N1I[2WN1V2]2]2] has level p(w+1, p(w+1, e(w+1, 0))),

[TWIVI[IW2INI[ZAWIV2[1IW\W2\2]2]2]2] has level @(w+1, p(w+1, p(w+1, p(w+1, 0)))),

[LW21\1\2] has level @(w+2, 0).

[LWX\1\2] mirrors the [1\\ X\ 2] set exceptthat ¢(w+1, 0) is replaced by ¢@(w+1, e(w+2, 0)) in
each of the associated ordinals. It follows that
[1W\W1\2\2] has level @(w+1, p(w+2, 0)+1),
[L\W1\3\2] has level @(w+1, p(w+2, 0)+2),
[TWINVI[IW2IN1N2]2)\2] has level @(w+1, p(w+2, 0)2),
[TWIVI[IW2INI[AW1V2V2]2V\2]2\2] has level @(w+1, p(w+1, p(w+2, 0)2)),
[LW1\1\3] has level @(w+2, 1),
[LW1\1\4] has level @(w+2, 2),
[LW1\V1\1, 2] has level o(w+2, w),
[TWIV2INVI[AW1V2\2]2] has level @(w+2, p(w+2, 0)),
[TWINVIVI[AWININI[AWN1V1\2]2]2] has level @(w+2, ¢(w+2, p(w+2, 0))).

[LW1\V1V1\2] has level @(w+3, 0),

[LW21\1\1\3] has level @(w+3, 1),

[TWIVINVIVI[IW2ANV1V2\2]2] has level @(w+3, o(w+3, 0)),
[TWIVIVIVI[IW2ININANI[AWNIV2INV1V2]2]2] has level @(w+3, p(w+3, ¢(w+3, 0))),
[TW21\V1\V1\V1\2] has level @(w+4, 0),

[TW2V1V1V1\1\2] has level @o(w+5, 0),

[LTW1V2IN...\2\2] (with n 1's after \\) has level ¢@(w+n, 0),

[TW2\V1V...\1\m] (with n 1's after \\) has level @(w+n, m-2).
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With two double backslashes,
[L\W21\N\2] has level ¢(w2, 0),
[1V2W1\2] has level g2, 0+1 = (W2, 0)*w,
[TV NIV 2W0W 2N\ 2] (with n 1's before first \\) has level ¢@(n, (w2, 0)+1),
[\ 2\ 2] has level ¢(w, ¢(w2, 0)+1),
[LW\W 3\ 2] has level ¢(w, ¢(w2, 0)+2),
[\ 1,2\ 2] has level ¢o(w, (w2, 0)+w),
[TW1[2W1W2]2\ 2] has level @(w, p(w2, 0)2),
[TW2I[IWI[1W1IWN2]2W\2]2\2] haslevel @(w, p(w, (w2, 0)2)),
[LW1\2\W\2] has level @(w+1, p(w2, 0)+1),
[TW2V2IV.. VN1V 2N\ 2] (with n 1's between \\'s) has level @(w+n, (w2, 0)+1).

When a is a limit ordinal and y < a, ¢(y, ¢(a, B)+1) has limit ordinal ¢(a, B+1) as y tends to a. The
ordinal @(w+n, (w2, 0)+1) therefore has limit ordinal ¢(w2, 1) as ntends to w.

[LW\1W3] has level ¢(w2, 1),

[LW\1\W\4] has level p(w2, 2),

[LW1W1,2] has level ¢(w2, w),

[TWIW1I[1W1W2]2] haslevel ¢(w2, (w2, 0)),
[TWIWI[ITWIWI[IW1IWN2]2]2] haslevel o(w2, (w2, (w2, 0))).

In fact, the development of [1\\ 1 \\ X] separators mirrors the [1\\ X] set except that ¢(w+n, a) is
replaced by ¢@(w2+n, a) in each of the associated ordinals. It follows that
[AW1N1\2] has level @(w2+1, 0),
[LW1W1\3] has level @(w2+1, 1),
[LW1N1\4] has level @(w2+1, 2),
[TW1IN1\V\1\2] has level o(w2+2, 0),
[LW1W1\1\3] has level @(w2+2, 1),
[TW1IWN1\V1V1\2] has level @(w2+3, 0),
[TW1W2IV1V2V1\2] has level @(w2+4, 0),
[TWIW2IN1IVN..\N1\2] (with nsingle backslashes) has level @(w2+n, 0),
[TW2INW1V1V...\21\m] (with n single backslashes) has level @(w2+n, m-2).

Each additional double backslash adds w to the left argument of the 2-ary ¢ Veblen function.
[LW1WN1W2] has level ¢o(w3, 0),
[LW1N1W3] has level o(w3, 1) (limit ordinal of @(w2+n, (w3, 0)+1) as n — w),
[LW1W1Wm] has level ¢(w3, m-2),
[TW1IWN1IW1\2] has level @(w3+1, 0),
[TWINIWIVIN.. N2\ m] (with n single backslashes) has level @(w3+n, m-2),
[TWIWN1IW1W2] haslevel ¢(w4, 0),
[TW1IWN1IWN1Wm] has level (w4, m-2),
[TWIWIWIW2\2] has level @(w4+1, 0),
[TWIWIWIWIV2IN...\2\m] (with n single backslashes) has level @(w4+n, m-2),
[TWIWIWIW1IWN2] has level @(wb, 0).

In general, with n double backslashes,
[TW21W...\W1W\2] haslevel @(wn, 0),
[LWIW..W1INK] has level ¢@(wn, k-2),
[TW2IN...W1W21\2] haslevel @(wn+1, 0),
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[TWIW..WIWIV2IN..\2VK] (with m single backslashes) has level @(wn+m, k-2).

With ¢ double backslashes and d single backslashes,
{fa,b[TWIW..WIW2IV1V2N..\1\2]2}
={aOW1IW\..\W1IW\N1\1I\V1V...\1\2 b}
= {a Ry b},
where R,='b\b\..\bWb\b\..\b\... Wb\b\..\bWb\b\..\b\bR,p b
(with b b’s and \'s followed by \\ (c times), followed by d-1 b’s and \'s, followed by ‘b (R,.> b’),
R]_ =0,

The first separator requiring the third in the sequence of hyperseparators (a treble backslash),
{a,b[1\\ 2] 2} ={a<0\\ 2> b}
={a R b},
where R='b\b\..\bW\b\b\..\b\\.... \b\b\..\b
(with b2 b’s and b-1 double backslashes).
This is a (w2, 0)-recursive function. The R string represents a 2-dimensional ‘hyperspace’ (or
2-hyperspace) of b2 ‘hyperentries’ of b, separated by the backslashes.

I now denote the double backslash and the treble backslash by the symbols [2]\ and [3]\ respectively
(the single backslash is a shorthand for [1]\). In general, the nth hyperseparator [n]\ denotes \\\...\ with
n backslashes, and is analogous to the nth simple separator [n]; the [n]\ hyperseparator ranks above
[m]\ whenever n > m. Hyperseparators are so special that they cannot appear in the ‘base layer of a
main array (within curly brackets), asin {a, b\ 2}, {a, b[2]\ 2} and {a, b [n]\ 2} — this enables me to
generate ‘normal’ separators (i.e. non-hyperseparators) with higher ordinal levels, and a more
advanced notation that would be the case if hyperseparators had been allowed in the base layers of
main arrays.

The array {a, b [1\\ 2] 2} can be rewritten as follows:
{a,b[1[3\2] 2} ={a <0 [3\ 2> b}
={a <R b},
where R=‘b\b’
b«D\b[2\b <D\ b [2]\ ...... [2\b <D\ b’ (with b ‘b <>\ b’ strings)
‘b\b\..\b[2\b\b\..\b[2)\...... [2Nb\b\...\Db’
(with b2 b’s and b b’s within each [2]\).

Note that ‘b <O\ b’ =‘b’, justas ‘b0 b’ ="b".

The iterating string building function (R;) is only utilised when the final separator prior to the next
non-1 entry (after the initial 0) in the angle brackets is a single backslash (\ or [1]\).

When # denotes the rest of the array,
{a,b[1[cN1[dN1[eN21[2N1V\1V1IVK#] 2}
={a«0[chN1[dN1[eN1[2N1V1\1\k#)> b}

= {a Rp» b},
where R, =D -1\ b [\ b «d-1\ b [d]\ b e\ b [e]\b 1\ b [2\b\ b\ b Ryp> b\ k-1 #,
Ry =0

Note that c = d = e = 2 as trailing 1’s are lopped off just as with simpler nested arrays (below ¢, level).

When X is a string of characters within a normal separator (below \ level),
{fa,b[l[ch1[dN1[eN2[2N1V1NV2ND [X]k#] 2}
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={a«0[chN1[dN1[eN1[2N2VININTI[X]k#)> b}

={a «R> b},
where R='b<c-D\b[chb«d-D\b[d\b<w-D\b[e\b«\b[2\b\b\b\b X’ b [X] k-1#
and X' is identical to X except that the first entry has been reduced by 1.

When the last separator before the next non-1 entry (k) is a hyperseparator of [2]\ or higher,
{a,b[1[cN1[d\1[elN1[2]\k#] 2}
={a«0[cN1[d\1[e]N1[2\k#> b}
={a «R> b},
where R=‘b<«c-D\b[c\b««d-D\b[d\b«e-D\b[e]\b D\ b [2]\ k-1 #.

[L[3]\ 2] has level @(w"2, 0),

[1\2[3]\ 2] has level g2, 0141 = (W2, 0)Mw,

[LVIVIN. V2N 2[3\2] (with n 1's) has level @(n, (w2, 0)+1),
[L[2N2[3\ 2] has level @(w, p(w"2, 0)+1),

[L[2N1[2\... [2N1[2\ 2 [3]\ 2] (with n 1's) has level @(wn, (w"2, 0)+1),
[L[3]\ 3] has level @(w”"2, 1) (limit ordinal of @(wn, @(w"2, 0)+1) as n — w),
[L[3]\ 1, 2] has level @(w”2, w),

[L[3\1\2] has level @p(w”2+1, 0),

[L[BN1V1\2] has level @(w”2+2, 0),

[L[3N1[2\2] has level @(w"2+w, 0),

[L[BNI[2\1[2]\ 2] has level @(w*2+w2, 0),

[L[BN1[3\2] has level @((w”2)2, 0),

[L[BNL[3N1[3\2] has level @((w”2)3, 0),

[1[4\ 2] has level ¢@(w"3, 0),

[1[B]\ 2] has level ¢@(w"4, 0),

[1 [N\ 2] has level @(w"(n-1), 0).

Now the number in the hyperseparator can itself be turned into an array:
[1[1, 2\ 2] has level @(w*w, 0),
[1[n] 21, 2]\ 2] has level @(wr(n-1), e(w w, 0)+1),
[1[1, 2]\ 3] has level ¢(w"w, 1) (limit ordinal of @(w"n, e(w*w, 0)+1) as n - w),
[1[1, 2\ 1, 2] has level o(w*w, w),
[1[1,2\1\2] has level ¢(w*w+1, 0),
[1[1, 2\1[2]\ 2] has level ¢o(w*w+w, 0),
[1[1, 2\1[3]\2] has level @(w*w+w”2, 0),
[1[1,2\1 [n\ 2] has level @(w*w+w?(n-1), 0),
[1[1, 2\1[1, 2]\ 2] has level @((w*w)2, 0),
[1[2, 2]\ 2] has level ¢((w w)w, 0) = @(w(w+1), 0),
[1[3, 2]\ 2] has level @(w*(w+2), 0),
[1[1, 3]\ 2] has level @(w*w2), 0),
[1[1, 4\ 2] has level @(w*w3), 0),
[1[1, 1, 2\ 2] has level @(w*w"2,0),
[1[1,1,3\2] has level @(w*((w"2)2), 0),
[1[1,1,1,2\2] has level @(w*w"3, 0),
[1[1,1,1,1,2\2] has level @(w*w"4, 0),
[1[1[2] 2\ 2] has level @(w*w"w, 0),
[1[1[3] 2\ 2] has level @(w*w"w"2, 0),
[1[1]1, 2] 2]\ 2] has level @(w w w’w, 0),
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[1[1[2]2] 2] 2]\ 2] has level @(w*w w w’w, 0),
[L[1[2]1, 2] 2] 2]\ 2] has level (W *w w w ww, 0).

If [X] has level a then [1[X]\ 2] has level @(w”"a, 0). | can now nest hyperseparator arrays within
hyperseparator arrays — the foundations of a Hyper-Nested Array Notation. This is where the
mathematics gets so exciting!

[L1[1\ 2\ 2] has level ¢(gq, 0),

[L[1\ 2]\ 3] has level ¢(gq, 1) (limit ordinal of @(a, @(gg, 0)+1) as a — &),

[L[1\2\ 1, 2] has level @(gg, w),

[L[1\2\1\2] has level @(eg+l, 0),

[L[L\2\1[1\2\2] has level @(g2, 0),

[L[2\2]\ 2] has level ¢(gow, 0),

[1[1,2\ 2\ 2] has level @(gqw”w, 0),

[L[1[1\2]2\2\ 2] has level @(g5"2, 0),

[L[2\3\2] has level (g, 0),

[L[1\1, 2\ 2] has level @(gy, 0),

[L[2V1[2\2] 2\ 2] has level @(g(go), 0),

[L[2\V1\ 20\ 2] has level ¢(Co, 0) = @(@(2, 0), 0),

[L[2V1V1\V2)\2] has level @(9(3, 0), 0),

[L[1[2\ 2\ 2] has level @(p(w, 0), 0),

[L[1[3\2\2] has level ¢@(p(w"2, 0), 0),

[L[1[1, 2\ 2]\ 2] has level @(p(w w, 0), 0),

[L[1[2[2] 2\ 2]\ 2] has level @(p(w w"w, 0), 0),

[L[1[1\2\2]\2] has level @(¢(eo, 0), 0),

[L[2[1[2\N2\2]\ 2] has level @(p(p(w, 0), 0), 0),

[L[A[2[1\2N2\ 2]\ 2] has level @(@(¢(go, 0), 0), 0),

[L[2[1[2[2\2N2\ 2\ 2]\ 2] has level @o(p(@(p(€o, 0), 0), 0), 0),

L2212 \2N2\ 2\ 2\ 2]\ 2] has level o(p(p((@(go, O0), 0), 0), 0), 0).
The sequence of separators starting with the last three has limit ordinal o = ¢(1, 0, 0).

The Main Rules and Angle Bracket Rules apply similarly to hyperseparators and hyper-angle bracket
arrays (each signified by a single backslash after the closed bracket), just as they do to normal
separators and angle bracket arrays (i.e. with no backslash after the closed bracket). There are three
additional Angle Bracket (B) Rules when the first hyperentry (space before first hyperseparator)
contains a single 0:-

Rule B1 (only 1 entry of either 0 or 1 within hyper-angle bracket array):
‘a\b ="a,
‘ab\b’ ' =‘alal..\a (withba’s).

Rule B2 (first hyperentry is 0, next non-1 entry (k) is the first entry in its hyperentry but is not
contained in the first hyperentry in its 1-hyperspace):

‘@a<0 AN [AN . L[ANIVK#>(\) b’ ="aRp(\) b,
where Rp=‘b <A\ b [A]\b A D [A\ ... b A\ D [A\D (R bV k-1 # (n>1),

R, = ‘0.
(p 2 0. Final separator before k is \ or [1]\.)
If p=0, then
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a<0\k#>\)b="ad<db<c..<b<b\k-1#H b\k-1# ..>ob\k-1#H b\k-1H(\) b
(with b-1 angle brackets).

Rule B3 (Rules B1-2 do not apply, first hyperentry is 0):
‘@a<0 AN [AN .. L[ANT[B1] 1[By] ... 1 [Bgl k#>(\) b’
='a b AP\ b [A\ b A\ b [A]\ ... b (A b [Ap)\
b «B1> b [B1] b <B2» b [By] ... b By b [Bg] k-1#>() b’.
(p=1,9=0. (p=0would be identical to Rule A4.) Final separator before k is not \ or [1]\.)

Notes:

1. Ay Ay, ..., Apare strings of characters within hyperseparators.

2. By, By, ..., By are strings of characters within normal separators.

3. ACAY, LAY, BY, BY, ..., By are strings of characters within angle brackets that are identical to
the strings A, Ay, ..., Ap, B1, By, ..., By respectively except that the first entries of each have

been reduced by 1. If A; (for some 1 < i < p) begins with 1, A;’ begins with 0.
4. R, is an iterating string building function which creates and nests the same string of characters
around itself n-1 times before being replaced by the string ‘0’.
# is a string of characters representing the remainder of the array (if it exists).
The comma is used as shorthand for the [1] separator.
The isolated backslash \ is used as shorthand for the [1]\ hyperseparator.
A backslash in brackets (\) immediately after the closed outer angle bracket denotes that when
the left-hand side (LHS) of the equation contains a backslash after the closed outer angle bracket
then so does the right-hand side (RHS). On the other hand, if the LHS does not contain that
backslash then the RHS does not either.

© N o g

For example, (\) in Rule B3 (with p = g = 1) means that:
‘a<0[AN1[Bilk#>b ="a<b<AP)\b[A]\b B> b [B4] k-1#>b’
and ‘@a<0[AN1[Bilk#\b =‘a<b AP\ b [A1]\b<By» b [B1] k-1#>\b’.

Modifications to the regular Angle Bracket (A) Rules:

The backslash in brackets (\) can be appended to the closed outer angle brackets in Rules A2-5

(including closed square brackets in Rule A5) similarly as above. For example, in Rule A4 (with k = 2),
@0 [A1[A]n# b ="ac<b<A» b [A]l b <Ay b[A] n-1#> b’

and ‘a0[A]1[Aln#H\b ='a<b«A» b[A] b Ay»> b [A] n-1#>5\b'.

Rule A2 is modified as follows:

ad[Al D) b ="adh(\) b,

ad [ANDN) b ="adh() b,

‘a#[A]1[B\#5(\) b’ =‘a & [B\#5(\) b’ (regardless of the levels of [A] and [B]).
When level of [A] is less than level of [B],

‘a d [A] 1[B] #5(\) b’ = ‘a «# [B] #5(\) b’,

‘adt [ANL [BN#H(\) b’ =‘a # [BN#5(\) b'.

This is the first stage of my Hyper-Nested Array Notation. The limit ordinal of this notation is Iy, the
Feferman-Schutte ordinal.

A separator is generally of the form
[Ar [Hi\ Az [Ho]\ ... [Hica\ Ad],
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where A =N [Sia] ni2 [Si2] - [Sip-a] Nip!
and k 2 1, p; 2 1, each of [Hi]\ is an hyperseparator, each of [S;] is a normal separator and each of n;;
represents an entry (number). A hyperseparator is as above but of the form
[Ar [Hi\ Az [Ho]\ ... [Hica N A
with a backslash added to the right of the outermost closed square bracket.

In Rules M2 and A2, the (ordinal) levels of two normal separators [A] and [B] (or hyperseparators [A]\
and [B]\) are determined by the highest ranking hyperseparator within their ‘base layers’, then the
numbers of them when they are identical. When the numbers are equal, this is repeated for the
subarrays of [A] and [B] to the right of the rightmost highest ranking hyperseparator. When the highest
ranking hyperseparators and their numbers within the subarrays are identical, this is repeated again
for the subarrays within the subarrays, until no more hyperseparators remain, in which case the levels
of [A] and [B] are determined by the highest ranking normal separator within their ‘base layers’, then
their numbers when identical. When [A] and [B] are still tied on that measure, this is repeated for the
subarrays of [A] and [B] to the right of the last highest separator, and, if still equal, repeated again for
the subarrays within the subarrays, until no more separators remain (i.e. we are left with single
entries). If the final entries of [A] and [B] are the same, they are deleted along with the last separators
of [A] and [B], and the entire process is repeated for the truncated [A] and [B], until each of these
consists of a single entry. When we obtain a lower level or number for [A] than for [B] on some
measure at a particular point, then the original [A] ranks lower than the original [B] and the ‘[A] 1’
string is deleted. (The levels of separators or hyperseparators within the ‘base layers’ of [A] and [B]
are first determined by the highest ranking hyperseparator (normal separator in the absence of
hyperseparators) within their ‘base layers’ (in the second lowest layers of [A] and [B]), and so on.)

The most complicated rule is Rule B2. For example,
{3,2[1[BNL1[2N1V2IN2INT7] 2} ={3 <O [3N1[2\N1\1\21\7> 2}
={3«R> 2},
where R=2@\2[BN2 V2 [2\2\2\2\ @
=2\2W\W2\2\W2\2\2\2\2\6".

{3, 3[AEBN1I2N1NVINVINT7]2}={3<«0[3N1[2\N1\1\1\7> 3}
={3<«R> 3},
where R =32\ 3 [3\ 3«1\ 3 [2]\ 3\3\ 3«S»3 \6’
= ‘3\3\3 \\ 3\3\3 \\ 3\3\3 \\\ 3\3\3 \\ 3\3\ 3¢S»3 \6,
S = "3\3\3 1\ 31313 \\ 31313 \\\ 3\3\3 \\ 3\3\3\6'.

{B,4[1BNI[2NINVININT7]12} ={3<«O0BN1[2\1\V1\1\7 > 4}
={3«R> 4},
where R ="4 @\ 4 [3)\4 <D\ 4 [2]\ 44\ 4S>4\6’
AV AV AV R\ R AVAVAV R\ WAVAVAV R\ WAV A VAV R\ RAVAV AV R\ W AVARZ IS Y R
S ="4A404\4 N\ 44\ N\ A\4\A\A N\ A4\ 4\4\4\A4 N\ 44\ 4¢TH4 \6,
LIRCATAVA R\ AVAVAY R\ AV AV AV R\ W AVAV AV R RZAVAV AV R\ WAVAVATON

But | can extend my Hyper-Nested Array Notation even further! Using the forward slash (for want of a
better notation), | can define
{a,b[1/2]2}={a<0 /2> b}
={a<b b ... b\ b\ ... 5\ b\ by b}
(with b b’s from centre to right and b-2 backslashes).
This is equivalent to
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{a,b[1[2]..[2[1,2\2\...\2]\2] 2}
(with b-1 square brackets and b-2 backslashes, for b = 3)
and is a [p-recursive function.

For example,
{3,2[1/2]2}={3«0/2> 2}
={32 2}
={3,3[2] 3, 3},

{3,3[1/2]2}={3«/2> 3}

= {33 3\ 3 3}

= {3 « 3\3\3 \\ 3\3\3 \\ 3\3\3 [3]\ 3\3\3 \\ 3\3\3 \\ 3\3\3 [3]\ 3\3\3 \\ 3\3\3 \\ 3\3\3 » 3},
{3,4[1/2]2}={3«{0/2>4}

={3 &4 &4 D\ b\ 4 4},
{3,5[1/2]2}={3«/2> 5}

= {3 <5 5 5 B\ 5\ 5\ 55 5},

The separator [1 / 2] has level I'y. But, already, this has made me feel I'm halfway there to infinity!

| have devised this monster notation to try to explain the truly astonishing growth rate of Friedman’s
TREE sequence (finite form of Kruskal's Tree Theorem). There’s no exaggeration whatsoever in the
fact that its growth rate exceeds that of

fn)={3,n[1/2] 2}
which is at g level. However, the ordinal measuring the strength of Kruskal's theorem is the small
Veblen ordinal, which is also the ordinal type of a certain ordering of rooted trees (Jervell 2005).

This notation is truly amazing! The introduction of the single backslash got me to ¢, the double
backslash got me to ¢(w, 0), the single backslash within a backslash array got me to ¢(go, 0), and
now, the nested backslash array has blasted me right up to I'p. What next? Nested forward slash
arrays, nested third level slash arrays, even the slash level itself being represented by nested slash
level arrays! | aim to reach the small Veblen ordinal and beyond, in Part 1l of Beyond Bird’s Nested
Arrays.

The number
N={3,3[1/2]2}
is big enough, but can you imagine for a moment how huge the number
{3,3,2[1/2]2}={3,N[1/2] 2}
is, bearing in mind that when the array is written out in full with entries of 3’s and separator arrays we
have only to reduce the number in the third entry by one for the second entry to contain a number so
large that it represents a copy of the entire array with the only change being that its second entry has
been reduced by one (Rule M7)?

If there are more than {3, N [1/ 2] 2} subatomic particles in the entire multiverse or hyperuniverse
then there must truly be an infinite number of them!

Author: Chris Bird (Gloucestershire, England, UK)
Last modified: 6 September 2017
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